nature neuroscience

Article

https://doi.org/10.1038/s41593-024-01758-5

Semi-orthogonal subspacesfor value
mediate abinding and generalization

trade-off

Received: 31 August 2023

Accepted: 9 August 2024

W. Jeffrey Johnston ®'°
R. Becket Ebitz®* & Benjamin Y. Hayden®?

, Justin M. Fine?®, Seng Bum Michael Yoo ®3,

Published online: 17 September 2024

W Check for updates

When choosing between options, we must associate their values with
the actions needed to select them. We hypothesize that the brain solves

this binding problem through neural population subspaces. Here, in
macaques performing a choice task, we show that neural populationsin

five reward-sensitive regions encode the values of offers presented on the
left and right in distinct subspaces. This encoding is sufficient to bind offer
values to their locations while preserving abstract value information. After
offer presentation, all areas encode the value of the first and second offers

in orthogonal subspaces; this orthogonalization also affords binding. Our
binding-by-subspace hypothesis makes two new predictions confirmed

by the data. First, behavioral errors should correlate with spatial, but not
temporal, neural misbinding. Second, behavioral errors should increase
when offers have low or high values, compared to medium values, even when
controlling for value difference. Together, these results support the idea that
the brain uses semi-orthogonal subspaces to bind features.

During choice behavior, we must link the anticipated values of each
option with the action used to select that option'. The unresolved
problem of action-valuebindingis fundamental to neuroeconomics®°.
Moreover, the neural mechanisms underlying value-action binding
could apply to other binding problems, such as perceptual binding™".

One possible implementation of binding is found in the coding
power of neural populations™™". This power is partly attributable to
‘nonlinear mixed selectivity’*?°. Nonlinear mixed selectivity is con-
junctive, in that a neuron’s response depends on the interaction of
multiple features (for example, a neuron that responds only to red
squares rather than to the color red or the shape square in isolation).
Nonlinear mixed selectivity supports flexible behavior in complex
cognitive tasks?® and typically provides morereliable representations
than linear selectivity” . Further, theoretical work shows that con-
junctive responses facilitate decoding of multiple stimuli®. Building

on this work, we hypothesize that neural systems bind value to action
by encoding the value of options in subspaces of the full population
space that are neither perfectly orthogonal nor perfectly parallel to
each other. These semi-orthogonal representations are produced by
neurons with mixtures of linear and nonlinear mixed selectivity'>*.
Semi-orthogonal representations blend the features of parallel
and orthogonal ones. Parallel representations of offers at different
positions arelow dimensional and factorized. They can unambiguously
represent the value and position of a single offer, but, for multiple
offers, cannot convey which offer value was at which position. On the
other hand, fully orthogonal subspaces preserve this value-position
binding, but they have two drawbacks. First, each position requires its
own subspace, which becomes impractical when many distinct posi-
tions mustberepresented (see ‘The dimensionality required by differ-
entsolutions to the binding problem’in Supplementary Information).

'Center for Theoretical Neuroscience and Mortimer B. Zuckerman Mind, Brain, and Behavior Institute, Columbia University, New York, NY, USA.
’Department of Neurosurgery, Baylor College of Medicine, Houston, TX, USA. ®Department of Biomedical Engineering, Sunkyunkwan University, and
Center for Neuroscience Imaging Research, Institute of Basic Sciences, Suwon, Republic of Korea. “Department of Neuroscience, Université de Montréal,

Montreal, Quebec, Canada. *These authors contributed equally: W. Jeffrey Johnston, Justin M. Fine.

e-mail: wjeffreyjohnston@gmail.com

Nature Neuroscience


http://www.nature.com/natureneuroscience
https://doi.org/10.1038/s41593-024-01758-5
http://orcid.org/0000-0002-4725-8602
http://orcid.org/0000-0003-0625-1874
http://orcid.org/0000-0001-5412-9502
http://orcid.org/0000-0002-7678-4281
http://crossmark.crossref.org/dialog/?doi=10.1038/s41593-024-01758-5&domain=pdf
mailto:wjeffreyjohnston@gmail.com

Article

https://doi.org/10.1038/s41593-024-01758-5

a Offer 1
Delay 1 Offer 2 Reward
er :
Delay 2 Reacquire
c2) fixation Both
offers Choi
i
400 ms oce Feedback
600 ms 400 ms
Il Chance of NO reward (O pl) 600 ms 100 ms . .
[ Chance of SMALL reward (mean =125 pl) minimum Variable time 200 ms 250
o ini ms
M Chance of MEDIUM reward (mean = 165 pl) | | stc’a‘r’ganoe of LARGE minimum
Chance of LARGE reward (mean = 240 pl)
52% chance of MEDIUM
reward
b 1.0 - == Mean c 50 d 1r
2z — Individuals _Z o ®
Z 08 g £ 40 o 08[
© y = 7]
S 06 / g o 30f : i
2o 2 30 £ 0.6
o ° >
2 04 © 20 2 04
© o) 3
(5] =] ©
a 02 9 10+ Q ool
> [ 0o
17} a
0 | | 0 —_—— Y - - = | 0 |
0 0.5 1 1 2 3 -1 0 1
Probability Offer size (a.u.) Relative subjective value (a.u.)

Fig.1| Task outline, behavioral model and brain areas. a, Risky-choice task. In
the first 400 ms, subjects see the first offer as a bar presented on either the left or
the right side. The offer is followed by a 600-ms delay, a400-ms offer 2, another
delay and then choice. b-d, Results from the fully subjective behavioral model.

b, The nonlinear, subjective probability functions fit by the model for each subject
(blacklines) and their average (blue), compared to the null linear probability

PCC

VS

”T

3

~

-

(red unity line). ¢, The same as b but for subjective utility. d, The probability that each
subject chooses the left option given a particular difference in model-fit subjective
value, composed of the subjective probability and utility functionsinband c. For
more information onthe models, see ‘Behavioral models’ in the Supplementary
Information. e, Coronal slices from magnetic resonance imaging showing the six
different core reward regions that were analyzed. a.u., arbitrary units.

Second, orthogonal representations sacrifice abstraction®”®, That s,
a decoder for value trained at one position would not generalize to
any other position, making transfer learning nearly impossible**°.
Semi-orthogonal codes occupy a middle ground that avoids both
drawbacks?**"*,

Here, we examined the representational geometry of neural
activity in a two-option choice task in five core reward areas: orbito-
frontal cortex (OFC), pregenual anterior cingulate cortex (pgACC),
posterior cingulate cortex (PCC), ventromedial prefrontal cortex
(vmPFC) and ventral striatum (VS). We find that all regions encode
the values of left and right offers in distinct, semi-orthogonal sub-
spaces. We then develop a mathematical theory that links subspace
orthogonality, binding and abstraction of value to measurable aspects
of within-region representational geometry. Using this theory, we show
that OFC, pgACC and vmPFC all have representational geometry that
is consistent with a near-even trade-off between misbinding errors
and generalization errors, while VS minimizes generalization errors
and PCC minimizes misbinding.

We then show that, when offers are held in memory, remembered
values of first and second offers are encoded in orthogonal subspaces,
indicating that the brain uses subspacesto link offer values to the time of
their presentation. The geometry of this combined representation makes
specific predictions about behavior, allowing us to more rigorously test
the binding hypothesis. First, we show that error trials are associated
with population activity fluctuations that resemble a spatial, but not
temporal, misbinding error—consistent with the fact that the subjects
eventually make a spatial choice. Second, we find that stimulus condi-
tionsthatareless distinctinrepresentational geometry (high-magnitude
andlow-magnitude offer pairs, as opposed to medium-magnitude pairs)
are associated with reduced behavioral accuracy relative to trials that

are more distinct in the geometry. Together, these results support the
hypothesis that the brain makes use of subspace orthogonalization to
solve the value-action binding problem.

Results
We analyzed data collected from six rhesus macaques performing
atwo-option, asynchronous risky gambling task that we have used
previously* (Fig.1). On each trial, subjects use asaccade to select one
of two risky offers. Offers occur in sequence on left and right sides of
amonitor (400 ms and 600 ms blank, repeated). Then, the two offers
reappear simultaneously and the subject chooses. Offers are defined by
probability (0-100%, 1% increments) and stakes (0.240 ml or 0.165 ml
ofjuice). Probabilities and stakes are chosen randomly for each option.
Order of presentation (left first versus right first) is randomized by trial.
Subject behavior was consistent with previous reports*?*. All
subjects preferred offers with higher expected values and were
risk-seeking®. Subjects differed in how they weighted probability
and stakes. Confirming and extending our previous work, we found
that subjects’ choices are best fit by nonlinear, subjective weight-
ings of probability and stakes (Fig. 1b—d; see ‘Behavioral models’ in
Supplementary Information and Supplementary Figs. 1and 2)*. Our
models predict choices with 84-88% accuracy; expected value predicts
choices with 70-78% accuracy; models with asingle nonlinear term for
probability or stakes (but not both) predicted choice with 78-81% and
82-85% accuracy, respectively (Supplementary Fig. 2). The fully non-
linear model has a posterior probability of 0.99 across subjects, indicat-
ing afar better fit than the alternative models (Supplementary Fig. 1).
Hereafter, we use ‘value’ to mean the model-derived session-specific
subjective value. As in our past work, we found little to no satiation
effect across sessions (Extended Data Fig. 1a)>>>°.
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Fig. 2| Diverse value-response functions produce semi-orthogonal subspaces
for value. a, The firing rates of example neurons from each region during the

offer window, shown for high-value and low-value offers presented on the left
orrightside (100-ms boxcar filter, shaded areais the s.e.m.). b, The value—
response function for each neuronina. The value-response function fit by the
linear regression model with aninteraction termis overlaid (dashed lines; see
Extended Data Fig. 2b for the same neurons shown with nonlinear value-response
functions). ¢, Asimplex showing the weight given to the noise-only, linear and
interaction regression models by the Bayesian model stacking analysis (a pointin
oneof the cornersindicates that the neuronis best explained by the corresponding
modelalone). A pointin the center of the triangle indicates that the neuronis best
explained by an equally weighted combination of all three models. The neurons
fromaand b have dark outlines here. Both the linear and interaction categories
include models with both linear and spline representation of value. d, Schematic of

three different representational geometries that would lead to different subspace
correlation results. Top, two perfectly aligned value vectors v,and v,in population
space (left) would produce a subspace correlation close to 1 (right). Middle, two
partially aligned value vectors v,and v, would produce a subspace correlation
between 0 and 1(note thereis an additional possibility: partially aligned but
negatively correlated subspaces; not schematized). Bottom, two unaligned value
vectors v,and v, would produce a subspace correlation close to 0. e, Subspace
correlations computed across the full pseudopopulation recorded from each
region for the offer presentation window (top) and the delay period (bottom). The
rightmost ‘all’ data point is the full recorded pseudopopulation, combined across
allregions. The upper gray point is the subspace correlation expected if the left-
and right-value subspaces were aligned and corrupted only due to noise; the lower
gray point is the subspace correlation obtained from shuffled data. The violin plots
show the distribution across the 1,000 bootstrap resamples of each quantity.

Single neurons have nonlinear tuning for value and space

We analyzed the responses of 929 neurons across five brain regions;
two subjects per region (Fig. 1; n =242 neurons in OFC, n=156 in
vmPFC, n=255in pgACC, n=152in PCC and n =124 in VS). Neurons

wererecorded with single-contact, high-impedance microelectrodes
(vmPFC and VS), or with Plexon u-Probes (pgACC, OFC and PCC). We
observed diverse responses from neurons in each region (Fig. 2a),
whichgiverise to diverse value-response functions (Fig. 2b), many of

Nature Neuroscience


http://www.nature.com/natureneuroscience

Article

https://doi.org/10.1038/s41593-024-01758-5

which are consistent with our hypothesis of a nonlinear interaction
between value and space (for example, the example neurons from
OFC and pgACC).

Toinvestigate whether these neural responses were best explained
by linear or nonlinear interactions between representations of value
and space, wefitseveral linear regression models: (1) amodel explain-
ing neural responses in terms of noise (Fig. 2c; ‘noise’); (2) a model
with separate terms for value and space (Fig. 2¢; ‘linear’); (3) a model
with terms for value, space and anonlinear interaction between them
(Fig.2c; ‘interaction’). For both thelinear and interaction models, we fit
versions ofthemodelwithboth linear and spline-based representations
forvalue (see ‘Single-neuronlinear regression model’in Methods and
Extended Data Fig. 2). We compared model fits to the data through a
Bayesian model stacking analysis based on approximate leave-one-out
cross-validation (see ‘Comparison between models with parallel and
nonparallel subspaces’ in Methods; Fig. 2c). In every brain region, we
found substantial proportions of neurons with responses best fit by the
nonlinearinteractionmodel (OFC,12%; PCC,19%; pgACC,10%; vmPFC,
12%; VS, 13%; all these proportions are significantly greater than the
base rate of 5%, P < 0.01, binomial test).

In these neurons, space does not merely shift the value tuning
curves ofindividual neurons, it changes them qualitatively (see Fig. 2b
for linear tuning curves and Extended Data Fig. 2b for nonlinear tuning
curves). These neurons are not predicted by past work and are incon-
sistent with previous gain-based proposals (including our own**),
We also found substantial fractions of neurons whose responses were
best explained by the model with only linear selectivity for value
and positions (OFC, 27%; PCC, 19%; pgACC, 20%; vmPFC, 25%; VS, 23%;
all these proportions were significantly greater than the base rate
of 5% with P < 0.01, binomial test). The remainder of neurons were
best explained by the noise model (OFC, 61%; PCC, 62%; pgACC, 69%;
vmPFC, 64%; VS, 64%; all greater than 5%, P< 0.01, binomial test);
notably, this fraction is similar across brain regions.

Offers are represented in partially overlapping subspaces
What do these single-neuron results mean at the population
level? To quantify the degree of overlap between the left- and right-
value subspaces, we used the coefficients from the regression
model (see above), which define a value-encoding subspace for the
left (v)) and right (v,) sides (Fig. 2d). See Extended Data Fig. 2 for a
replication of these results when the subspaces are not constrained
to be vectors.

A correlation between left and right vectors that is close to the
noise ceiling (gray in Fig. 2e) indicates linear interactions (Fig. 2d,
top). Theresulting coding scheme cannot implement subspace bind-
ing. Subspace correlations less than the noise ceiling are consistent
with our hypothesis of subspace binding. A value greater than zero
(Fig. 2d, middle) indicates a mixture of both linearly and nonlinearly
interacting value and position representations. The intermediate level
of subspace correlation (that is, between 1 and 0) supports binding
and allows for the generalization of the value code across offer posi-
tions and epochs*?*?°, Our analysis approach could also detect zero
(Fig.2d, bottom) or negative (not schematized) subspace correlation.
Whenwe use the three terms orthogonal, semi-orthogonal or parallel
inthe rest of the paper, we are referring to relationships between the
offer value subspaces (for example, Fig. 2d, the two purple lines), not
therelationship between offer value and offer position subspaces (for
example, Fig. 2d, blue and purple lines).

In all brain regions, subspaces for left and right offers are less
correlated than the noise ceiling (400 ms offer presentation window;
P<0.001in all cases, Fig. 2e, top; and see ‘Computing population
encoding subspaces for space and value’in Methods for reliability con-
trol). Subspace correlationsinevery region except PCCare also greater
than a shuffle-based floor (P < 0.001, Fig. 2e, top; and see ‘Computing
population encoding subspaces for space and value’ in Methods).

We found similar results when repeating the above comparison for
the delay period (all P< 0.05, Fig. 2e, bottom; for the full time course,
see Extended Data Fig. 3e). These results do not reflect heterogeneity
between the representations of the first and second offer (Extended
Data Fig. 3a). The result replicates in individual subjects, with one
exception. The two subjects recorded from pgACC have different
subspace correlations: one subject has semi-orthogonal representa-
tions of value, while the other has orthogonal representations of value
(Extended DataFig. 3c). These results cannot be explained by changes
inthe engagement within the course of a session; subjects’ likelihood
of choosing the higher-value offer remains constant (Extended Data
Fig.1a) and our results do not depend on sessions with larger deviations
(Extended DataFig. 1b).

Semi-orthogonal subspaces provide binding and
generalization

These semi-orthogonal representations have been observed in many
other studies”*'. Why are these representations favored? First, we
showed that, inthe noiseless case, alinear decoder canrecover the two
value-position pairs fromalinear, additive representation constructed
using any subspace correlation value less than 1 (and greater than -1).
This follows fromthe fact that so long as the value representations are
not perfectly parallel (or antiparallel), the value subspaces (for two
offers) describe a two-dimensional space. In this two-dimensional
space, there are decoding vectors that are correlated with one offer
value subspace but orthogonal to the other. Mathematically, the linear
encoding matrix for the two stimuli will have an inverse so long
as the vectors that encode the two stimuli are not perfectly parallel
(see ‘Subspace binding for continuous variables’ in Supplementary
Information).

Next, we included noise and showed that the total error in the
decoded offer values strictly decreased as the absolute value of sub-
space correlation decreased. Consequently, more orthogonal sub-
spaces will lead to more reliable decoding; a subspace correlation
of zero will be most reliable (Fig. 3a). Positive subspace correlation
leads to anegative correlation between the errors made by a decoder
reconstructing the two offer values. Following previous work*>°, we
posit that the nonzero subspace correlations we observe provide an
abstractrepresentation of value, which facilitates generalization across
contexts and rapid learning.

To investigate generalization, we binarized the continuous offer
value variable into two categories: high and low (see ‘Binarizing value’
in Methods for details). Then, we developed a theory that treats the
geometry of these kinds of discrete representations as resulting from
two components: (1) arectangular scaffold, where one axis of the rec-
tangle corresponds to offer value and the other corresponds to offer
position (Fig. 3b, yellow lines), and (2) high-dimensional perturbations
applied to that scaffold (Fig. 3b, dark purple lines). We refer to the
length of the rectangular value axis as the linear distance (Fig. 3b, d,)
and the length of the high-dimensional perturbations as the nonlin-
ear distance (Fig. 3b, dy). A large linear distance and small nonlinear
distanceimplies a high subspace correlation (Fig. 3¢, left); similar dis-
tancesimply amoderate subspace correlation (Fig. 3c, center); alarge
nonlinear distance and small linear distance implies a low subspace
correlation (Fig. 3¢, right).

This formalization predicts different kinds of errors. The overall
errorrate depends onboth linear and nonlinear distances (and thus on
subspace correlation; Fig. 3d, left). As subspace correlation decreases,
the error rate decreases (Fig. 3a). The overall error rate includes the
rate of misbinding errors (Fig. 3d, middle), where the value-position
associations are mixed up. Interestingly, our theory shows that the
misbinding error rate depends on the nonlinear, but not the linear,
distance (see ‘Derivation of the binding error rate’ in Methods). Thus,
while representations with low subspace correlation will have low
misbinding error rates, it is possible for representations with high
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Fig.3|Subspace correlation mediates a trade-off between the reliability
of binding and generalization. a, The overall error rate for continuous
representations of multiple offer values at different noise levels and subspace
correlations. The dashed line is our analytic theory. b, Schematic of the
geometric decompositioninto linear and nonlinear distances in the discrete
case. ¢, The relative magnitude of linear and nonlinear distance determines the
subspace correlation used earlier. d, The overall error rate (left), misbinding
error rate (middle) and generalization error rate (right) for adiscrete codein

conditions analogous to the experiment (with two features, K = 2, that each take
ontwo values, n=2). The dashed line shows the analytic theory, compared to
simulationsin the left and right plots. Schematics of misbinding errors (middle)
and generalization errors (right) are shown on top of the respective plots.

e, The dependence of the misbinding (purple) and generalization (red) error
rates on the number of features in the stimulus set. f, The same as e but changing
the number of values that each feature takes on. SNR, signal-to-noise ratio.

subspace correlations to have low misbinding error rates, so long as
the nonlinear distance is large relative to the noise.

However, we found that the misbinding error rateisintension with
the ability of adecoder for value learned at one location to generalize
toasecond location. Werefer to the error rate at this second, untrained
location as the generalization error rate (Fig. 3d, right)”. Our theory
shows that the generalization error rate decreases with the linear
distance but increases with the nonlinear distance (see ‘Derivation
ofthe generalization error rate’ in Methods). Thus, increasing the non-
linear distance to reduce misbinding errors will increase generalization
errors. Both error rates also depend on the properties of the stimulus

set, such as the number of features (Fig. 3e) and number of discrete
values (Fig. 3f) that each feature can take on. While misbinding and
generalization error rates are always in tension, in many cases low
rates of both kinds of error can be achieved by a range of subspace
correlations. However, this range becomes smaller as either the num-
ber of features (Fig. 3e) or number of values for each feature (Fig. 3f)
increases. Increasing the number of features rapidly increases the mis-
bindingerrorrate (Fig. 3e, purplelines) while having amore moderate
effect onthe generalization error rate (Fig. 3e, red lines); increasing the
number of values rapidly increases the generalization error rate (Fig. 3f,
red lines) while having less effect on the misbinding error rate (Fig. 3f,
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inc (for the open circles) and computed empirically with alinear decoder (for
the outlined circles). The gray lineis the chance level. f, Each region shown on
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mean representational power-normalized distance estimates. The inset shows
theerror rates derived from the unnormalized distance estimates c. The gray
lines are the chance levels for each of the error types. All error bars and shaded
intervals are 95% confidence intervals.

purple lines). Finally, for large numbers of both features and values,
itis unlikely that simultaneously low misbinding and generalization
error rates cannot be achieved for realistic numbers of neurons and
representational power. However, to achieve low misbinding error
rates—and in contrast to flexibility-related theories of nonlinear mixed
selectivity®*°—arelatively small set of features could nonlinearly inter-
act with all other features, thus providing a kind of nonlinear tag that
canbe used for binding.

Value representations provide both binding and
generalization

Next, we applied the theoretical framework developed in the previous
section to the experimental data. First, we decoded the binary value of
left and right offers individually, regardless of their time of presentation

(Fig. 4a, solid lines). Second, we decoded the binary value of the first
and second offers individually, regardless of their side of presenta-
tion (Fig. 4b, solid lines). Inboth cases, every regionyielded decoding
accuracies thatare above chance starting in the offer presentation win-
dow and continuinginto the delay period. The decoding performance
across different regions was also comparable, although VS had higher
decoding performance than vmPFC in the spatial condition during
the mid-delay period (P < 0.05, Bonferronicorrected, no other region
except pgACCsurvived correction). Allregionsyielded above-chance
cross-condition generalization performance for both the spatial (that
is, trained to decode high and low values on left offers, then general-
ized toright offers; Fig. 4a, dashed lines) and temporal (that s, trained
to decode high and low values on offer 1, then generalized to offer 2;
Fig.4b, dashed lines) conditions.
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To increase our signal-to-noise ratio and because the represen-
tational geometry does not undergo qualitative shifts across the
presentation and delay periods (Fig. 4a,b), we combined data across
the whole post-presentation window (see ‘Time-pooled decoding’in
Methods). In each of the spatial and temporal conditions, there are
four experimental conditions (for the spatial condition: high offer on
the left, low offer on the left, high offer on the right, low offer on the
right). We estimated the distances between all pairs of the four points
using a cross-validated Euclidean distance metric (see ‘Estimating
distances’ in Methods), which avoids the positive bias common to
many other methods of distance estimation. Then, we decomposed
the resulting distance matrix into linear and nonlinear components
(see‘Linear-nonlinear datadecomposition’in Methods and Extended
Data Fig. 4). We applied this analysis separately to the left-value and
right-value code (averaging over first and second offers) aswell as tothe
firstand second offer-value code (averaging over left and right offers).
For the space-value representation, we found significant nonlinear
distances for all individual brain regions except VS and significant
linear distances for all regions (one-sided bootstrap test, P < 0.05;
Fig. 4c, left). We found significant nonlinear and linear distances when
combining neurons across the population (Fig. 4c, left, ‘all’). Through
these linear and nonlinear distances, we can develop anindependent
estimate of subspace correlation (Fig. 4d,e; x axis, and ‘Relating linear
and nonlinear distance to subspace correlation’ in Methods).

For the time-value code, we did not find significant nonlinear
distances for any region (one-sided bootstrap test, P> 0.05), but we
did find significant linear distances for every region as well as the
population (P < 0.05; Fig. 4c, right). We next used these nonlinear dis-
tance estimates to predict rate of binding errors. Due to the significant
nonlinear distancein every brain region except VS for the space-value
code, the predicted misbinding error rate was below chance in every
region except VS (Fig. 4d, left). In other words, despite lacking full sub-
space orthogonality, the population can leverage distinct subspaces
to bind offer value to location. As VS has the highest value decoding
performance of allrecorded regions, we do not believe that this differ-
encebetween VS and the otherregions arises due toalack of statistical
power, even though it has the fewest neurons. Had the problem been
one of insufficient power, we would expect VS to have the lowest value
decoding performance. The pattern of resultsis also consistent when
the population size for eachregion is fixed (Extended Data Fig. 5).

However, the time-value representation does not have distinct
subspaces for the value of offers presented at different times (Fig. 4d,
right), whichisinconsistent with binding based on presentation time.
Thatis, first and second offer are represented similarly at their respec-
tive time of presentation. However, we show below that the current
offerisrepresentedinadistinct subspace fromthe remembered offer.
Thus, time does play a role in binding: offers are bound to their ego-
centric time of presentation (that s, current or past) rather than their
allocentric time of presentation (thatis, first or second). As above, dis-
tances for pgACC are driven by one of the two subjects, while the results
inthe otherregions are similar across subjects (Extended Data Fig. 6).

Finally, we used these distances to predict the generalizationerror
rate of both the value-space and value-time codes. Due to the signifi-
cantlinear components and moderate (or zero) nonlinear components
ineverybrainregion, the predicted generalizationerror rates are below
chanceforevery brainregion (Fig. 4e, opencircles). We also computed
the empirical generalization error rate of a linear classifier (trained
to decode the value of left offers then tested only on right offers).
This empirical generalization performance was nearly identical to the
predicted performance (Fig. 4e, outlined circles, and see Extended
Data Fig. 7 for the standard decoding performance). This agreement
indicates that our theory captures the aspects of the representational
geometry that arerelevant to decoding performance.

To compare the representational geometry of different regions,
we normalized the total representational power in each region

(‘Normalizing representational power’ in Methods). This normalization
eliminates differences due to different numbers of neurons or different
firing rates, while preserving relative linear and nonlinear distances.
Next, we computed predicted binding and generalization error rates
based on these normalized distances (Fig. 4f; predictions from the
original distances are shown in the inset). Interestingly, most regions
(and the combined population across all regions) were relatively
balanced betweenthe two types of errors. In contrast, PCC specializes
for nonlinear representations (predicted binding error rateis less than
for the combined population, P < 0.005, bootstrap test; predicted
generalization error rate is greater than the combined population,
P<0.005), while VS specializes for linear representations (predicted
bindingerror rateis greater than for the combined population, P=0.01;
predicted generalization error rate is less than the combined popula-
tion, P=0.01; OFC, vmPFC and pgACC are all no different than the
combined population, P> 0.05). This supports the idea that VSis a
key region for the representation of abstract value* and PCC may be
specialized for spatial representations*’.

The remembered offer is orthogonal to the current offer

Here, we show that first and second offers are bound to their egocentric
time of presentation. A decoder trained to decode the value of offer 1
duringits presentation (Fig.5a, top left, solid line) generalizesto decode
the value of offer 2 during its presentation (Fig. 5a, top right, dashed
line). Thus, the offer that is currently being presented is encoded in
the same subspace whether it is the first or second offer in the trial
(Fig.5band ‘Time-pooled decoding’in Methods). However, the remem-
bered value of offer1is encoded inasubspace that is orthogonal to this
current-offer subspace. A decoder trained to decode the remembered
value of offer 1 during the presentation of offer 2 (Fig. 5c, top right,
solid line) does not generalize to decode the value of offer 1 while it is
being presented (Fig. 5¢c, top left, dashed line)—and vice versa (Fig. 5c,
bottom). This pattern of results holds across the individual regions
(although PCC did not reach significance for offer 2; Fig. 5d).

We found that subspace correlations between the past and current
offersareindistinguishable from zeroinall brainregions (P < 0.001rela-
tivetothenoise ceilingand P> 0.05relative to zero; Fig. 5e). Together,
these results show that the representation of offer 1 (Fig. 5f, left) is in
one subspace at the time of presentation, but rotates into a second,
orthogonal subspace over the course of the delay period as it presum-
ably enters into working memory (Fig. 5f, middle). Then, when offer 2 is
presented, itis represented in the same subspace as the original offer
1subspace (Fig. 5f, right). This is in keeping with previous work that
shows that neural population representations tend to rotate across
time**2, Such rotations can select specific kinds of information for
behavioral decisions***,

Given the benefits of semi-orthogonality discussed above, it is
surprising that we found full orthogonality instead of semi-
orthogonality in this context. Further work could explore whether we
see consequences of this in the learning and generalization behavior
of the animal. This orthogonality could be important to developing a
reliable representation of the difference between the two offer values
froma particular trial when the animal is getting ready to choose one
of the two offers.

Therepresentation of both offers predicts choice behavior
Tolink the representational geometry of offers with behavior, we esti-
mated the unbiased distance between each pair of (discretized) condi-
tions for neural activity from eachregion. This yields a representational
dissimilarity matrix, an 8 x 8 symmetric matrix of distances for each
region (Fig. 6a, see ‘Estimating distances’ in Methods). If two condi-
tions have a small distance in neural population space, they are more
confusable to adecoder.

Three distances arerelevant to binding. First, atemporal binding
error would occur when trials with ahigh-value offer onthe left followed
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Fig. 5| Therepresentational geometry of the offer sequence. a, The
performance of a classifier trained to decode current-offer value from the
combined population. Upper row, the classifier is trained on the presentation
of offer 1 (left) and successfully generalizes to offer 2 (right). Lower row, the
same as upper, but the decoder is trained on offer 2 (right) and generalizes to
offer1(left). b, The same as a but for the individual regions and neural activity is
combined across time (‘Time-pooled decoding’ in Methods). ¢, The performance
ofaclassifier trained to decode the value of offer 1. Upper row, the classifier
is trained to decode the value of offer 1 from neural activity recorded during
the presentation of offer 2 (right) and generalization performance is tested on

neural activity from the presentation of offer 1 (left). Bottom row, the same as

Offer 1 presentation —

End of delay ————— Offer 2 presentation

the upper row, but the classifier is trained to decode the value of offer 1during
the presentation of offer 1 (left) and generalization performanceis tested on the
presentation of offer 2 (right). d, The same as c but for the individual regions and
time-pooled decoding. e, The subspace correlation between representations
ofthe current and past offers, computed during the presentation of the second
offer and following delay period. f, Schematic of what the results from this figure
mean for the full geometry of representations during the task. While a single
vector is shown here for ease of visualization, this also applies to the rectangular
position-value representations shown in Fig. 2. All violin plots show the full
distribution across resampled estimates.

by alow-value offer on theright (high left then low right) are confused
withlow-right then high-left trials (Fig. 6b, left). Second, a spatial bind-
ing error would occur when high-left then low-right trials are confused
with low-left then high-right trials (Fig. 6b, middle). Third, acombined
spatial and temporal binding error occurs when high-left then low-right
trials are confused with low-right then high-left trials (Fig. 6b, right).
Focusing on these distances revealed that PCC hasadistinct geometry
from OFC, pgACC, vmPFC and VS. PCC has significant distance between

spatial misbinding conditions, but not temporal misbinding condi-
tions (Fig. 6¢; PCC), while OFC and vmPFC have significant distance
betweentemporal but not spatial misbinding conditions (Fig. 6¢; OFC
and vmPFC). VS, pgACC and the combined population have significant
distance between both spatial and temporal misbinding conditions,
but significantly larger distance for temporal relative to spatial mis-
binding conditions (Fig. 6¢; VS and ‘all’), while PCC has the opposite.
Further, we compared the difference between spatial and temporal
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Fig. 6 | The representation of past and current offers predicts key elements
of animal behavior. a, Left, schematic of the eight experimental conditions,
consisting of two offer values and an order of presentation (for example, pink
point). Right, the representational dissimilarity matrix estimated for these
conditions from the combined population. The colored outlines indicate the
distances between condition pairs that are relevant to binding (see b). ‘+R’
indicates a high offer on the right side; ‘-L’ indicates a low offer on the left side.
The arrow moves from the past to current offer. b, The misbinding errors that
canoccur on this task. Left, two conditions confused in atemporal misbinding
error, where the side of the high offer is the same but its time of presentation is
different. Middle, two conditions confused in a spatial misbinding error, where
the side of the high offer is different but its time of presentation is the same.
Right, two conditions confused in a spatiotemporal misbinding error, where the
side and presentation of the high offer both differ. ¢, The estimated distances

between the temporal, spatial or spatiotemporal misbinding error conditions.
d, The mean cross-validated projection along a classifier trained to read out
whether the left or right offer was higher (left) and whether the first or second
offer was higher (right). The decoder is trained on trials with optimal choices
(xaxis) and tested on trials with nonoptimal choices (y axis). The small dots
representindividual sessions (OFC, n=6;PCC,n=2; pgACC,n=4); thelarge
dot represents the mean across regions, and the error bars are the s.e.m. e, The
estimated distances between conditions with either both high or both low offers.
f, Left, the mean behavioral performance across all animals on trials with only
high, only low or amixture of high and low offers. Right, the mean estimated
distances from the ‘all’ condition (pooling across n = 6 animals) plotted against
the mean rate of correct responses in each condition across all sessions. All
violin plots show the full distribution across resamples. All error bars are 95%
confidence intervals.

misbinding distances across all pairs of regions and found that PCC was
significantly different from every other region except OFC (P< 0.05,
Bonferroni corrected, the OFC-PCC comparison was significant at a
nominal level but did not survive the correction). We found that the dis-
tance between conditions that would be confused in aspatiotemporal
bindingerrorare greater thanzeroinall regions (one-sided bootstrap
test, P<0.001). Because the subjects in our task eventually did make
aspatial choice (they chose by shifting their eyes to the left or right),

we predict that trial-to-trial fluctuations along this spatial misbinding
dimension may be particularly important for behavior.

To test this prediction, we turned to a trial-by-trial analysis imple-
mented at the experimental session level. We restricted our analysis
only to sessions with 10 or more neurons, yielding 12 sessions, 6 from
OFC, 2fromPCCand 4 from pgACC—other results from these sessions
were consistent with those from all sessions; OFC and pgACC both
have semi-orthogonal subspaces for value, while PCC has orthogonal
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subspaces (Extended Data Fig. 3d). We trained a decoder to read out
whether the value of the left or right offer was higher on time-pooled
neural activity following the presentation of the second offer. The
decoderwas trained only on trials where the animal eventually chooses
the higher offer (optimal choices). Then, we computed the average
correct margin of held-out trials along the dimension learned by the
decoder. First, we computed this distance on held-out trials with opti-
mal choices (Fig. 5f, left, x axis). Then, we compute this distance on
held-out trials with nonoptimal choices (Fig. 5f, left, y axis). The decod-
ers from OFC and PCC had significantly worse margins on trials with
nonoptimal choices relative to trials with optimal choices (¢t-test onthe
difference in average across sessions; OFC, P=0.04; PCC, P<0.001;
pgACC, P=0.36; Fig. 5f, left). However, the same relationship did not
hold for eitherregion (or for pgACC) whenwe trained adecoder toread
out whether the first or second offer was higher (¢-test on the differ-
ence in average across sessions; OFC, P=0.24; PCC, P=0.33; pgACC,
P=0.64;Fig. 5f, right). This result remained stable for other choices of
the number of simultaneously recorded neurons (Extended DataFig. 8).
Thus, notonly does the representation change on trials with asubopti-
mal choice, butitalso changes specifically toward a spatially (and not
temporally) misbound representation. While we only had a handful
of sessions for PCC, this result also provides intriguing evidence for a
specialized role of PCC in binding offer value to spatial position.

Finally, we considered trials in which both offers are either low
or high. In the distance analysis above, trials with a low (high) offer
presented on the left followed by a low (high) offer presented on the
right were indistinguishable from the representation of a low (high)
offer presented on theright followed by alow (high) offer presented on
theleft (except for high-high offersin OFC and the combined popula-
tion; Fig. 5g)—in our setting, low (and high) offers are not equivalent
and take on many different values. This indicates the trials with both
low or both high offers do not strongly bind the specific offer value to
time or position. Thus, we predict that the animals may be more likely
to make suboptimal choices when both offers are low or high relative
to when one offer is high and the other offer is low. So, we reanalyzed
the behavior of the animals for low-low and high-high trials compared
to low-high or high-low trials and showed that, on average, more sub-
optimal choices occur for both the low-low and high-high conditions,
even when the difference in expected value is the same (Fig. 5h, left).
This behavioral finding is consistent with the significantly increased
representational distance for high-low and low-high conditionsrela-
tive to low-low and high-high conditions (bootstrap test, P < 0.05
for mixed compared to both high-high and low-low; high-high and
low-low are not significantly different from each other; Fig. 5h, right).
This pattern of behavior indicates that the animals are sensitive to the
absolute magnitude of the presented offers rather than only to their
difference. Since the high-value and low-value categories developed
here are specific to this task, this suggests that the animals normalize
their conception of value to the range of values presented in the current
context—as a consequence, we would expect to see this kind of effect
in other studies where animals choose between offers with a range of
values, evenif the absolute values are different.

Discussion

Wefindthat,inachoicetask, values of left and right—as well as current
and past—offers are represented in distinct subspaces. We develop a
theory that predicts both generalization and misbinding errors from
the degree of orthogonality between subspaces. We find that OFC,
pgACC and vmPFC use codes that balance both error types, while VS
minimizes generalization errors and PCC minimizes misbindingerrors.
Further, neural responses that resemble spatial misbinding are asso-
ciated with choice errors, as are experimental conditions associated
with geometrical ambiguity. These results suggest a new solution to
an outstanding problem in neuroeconomics, one grounded in the
coding properties of neuronal populations. Moreover, they raise the

possibility that subspace orthogonalization may be ageneral solution
to otherimportant binding problems, such as the perceptual binding
problem'",

Why are subspaces semi-orthogonal, rather than fully orthogonal?
Both orthogonal and semi-orthogonal subspaces allow for binding, but
semi-orthogonal subspaces also permit abstraction of value across
offer positions”. That is, a decoder learned for value at one position
would be able to generalize to a never-before-seen position without
retraining’®, as well as learn this abstract representation of value from
fewer samples than needed for a fully orthogonal code. While previous
work has demonstrated a relationship between representational geom-
etry and generalization to novel samples from the same distribution
(for example, novel trials, same position)***, our work provides alink
between thisgeometry and generalization to samples froma systemati-
cally different distribution (for example, novel trials, novel position).

PCC and VS have distinct representational geometries, and our
framework predicts that these different geometries would lead to
different behavioral consequences if their function is disrupted. For
instance, we expect thatinactivation of PCC would lead toanincrease
inthe rate of misbinding errors while inactivation of VSwould increase
the rate of generalization errors or slow transfer learning. Previous
theoretical work has shown that semi-orthogonal representations of
colors presented at different spatial positions can explain the pattern
of errors observed in a common human working memory task® (but
see ref. 46) as well as in a perceptual learning paradigm®’—indicating
that semi-orthogonal representations may be behaviorally relevant
inmultiple domains.

While we probed only two positions (and two time points), we
predicttherewillbe structurein the degree of orthogonality between
representations of stimuli presented at different distances from and
timesrelative to each other. Behavioral work suggests this as well. For
instance, when humans are asked to remember an array of color-posi-
tion pairs, they are more likely to mix up the colors and positions of
stimulithat are nearby to each otherinspace (Fig. 3d, middle; ref. 47).
This could arise from less orthogonal representations of those stimuli.
Our theory also predicts that estimates of nearby and, therefore, less
orthogonal stimuli may have higher variance even when the correct
stimulus is reported (Fig. 3a). Further, experimental work has shown
that transfer generalization decreases withanincreasein the distance
between the trained and tested locations*®; in our framework, this could
beduetoanincreased orthogonality between representations of more
distant stimuli. We would expect an analogous pattern of results to hold
for stimuliseparated in time.

Behavioral investigations of working memory have put forward
the idea that distinct stimuli stored in working memory may all be
represented in distinct, abstract slots*>*°. This slot model has been
successful at explaining patterns of errors in working memory recall
tasks”, although thereis still debate over whether there is a fixed num-
ber of slots or fixed pool of memory resource that can be distributed
over any number of items*>**. One advantage of this slots modelis that
the number of required dimensions (or neurons) scales linearly with the
number of slots rather than with the number of positions or presenta-
tion times (see ‘The dimensionality required by different solutions to
thebinding problem’in the Supplementary Information). However, one
notable limitation of the slots model is that it does not provide aclear
solution for generalization, because all slots are assumed to be mutu-
ally orthogonal. While alinear decoder could read out the same feature
from different slots, it would need to be trained on examples from all
slots. Further, several of the predictions of the standard slot model are
inconsistent withthe pattern of orthogonality and semi-orthogonality
between distinct offers that we find here (see ‘Predictions for subspace
orthogonality given slot-based representations’in the Supplementary
Information and Extended Data Fig. 3). While our data do not rule out
allforms of slot-based working memory representations, further work
isrequired to adjudicate between these models.
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Theresultthatbothlow misbinding error rates and above-chance
generalization can coexist isimportant given wide-ranging work about
therelative benefits of low-dimensional and high-dimensional neural
geometries”***~*°,On one hand, the high-dimensional geometries that
arise from nonlinear mixed selectivity have been shown to support
flexible decision-making on complex cognitive tasks?. In contrast,
relatively low-dimensional abstract, or factorized, representations
of different task variables have been shown to support generalization
across contexts and rapid learning”?%*%, Here, we provide a theory
thatshows anexplicit tension between these benefits—and that shows
when the benefits of both forms of representation can be achieved
through an intermediate representational geometry, similar to the
one observed in both mice and monkeys®*"*%"%¢_Further work can
adapt this geometric framework to contexts beyond neuroeconomic
decision-making, and use it to generate and test novel predictions
about the links between representational geometry and behavior.

These resultsalso build onrelated work about how the representa-
tions of task variables evolve over time****°, We replicate the recent
finding that the passage of timeis associated with alarge-scale rotation
in neural dynamics**2, Thus, in our context, at the time of the sec-
ond offer presentation, the remembered offer (offer 1) is represented
in an orthogonal subspace from the current offer (offer 2), but the
current-offer subspace is the same whether that offer comes first or
second. Our findings are consistent with the use of rotational dynamics
asascaffoldtorepresentasequence of stimuli, as proposed by previous
work®, although importantly we find evidence for egocentric rather
thanallocentric temporal representations.

While we have focused on representations of offer value that are
tied to specific spatial positions (that is, offers presented on the left
and right) and egocentric presentation times (that is, current and
past offers), this representation can coexist with representations that
depend on or are more closely tied to the animal’s eventual choice. In
particular, some previous studies have found increased representation
of the eventually chosen offer**° or representations of the difference
in value between the two offers, rather than the value of each offer
separately”. These representations can exist alongside the represen-
tations we focus on here, and would not change the main conclusions
of our study.

We and others have noted the encoding of spatial informationin
single neurons in value-sensitive regions of the brain*°%2, We previ-
ously proposed that these spatial signals modulate the encoding of
task variables like value through linear, gain-like changes’*”®". Our
present results indicate, instead, that space alters the tuning profile
of value-sensitive neurons. Further, spatial position of the offers and
the animal’s eventual action were confounded in our task, while recent
work shows that the contingency between spatial position and action
canalso restructure tuning in the frontal cortex®.

The question of how decision-related information such as value
is transformed into action is one of the major ones in the field of
neuroeconomics****“°, Typical theories hold that values are repre-
sented inan abstract value space thatis conceptually and functionally
distinct fromanaction space used toimplement choices. As such, there
is a question of how value is linked to action. This problem is often
reified in neuroanatomy—some regions are assumed to be pure value
regions, while other presumably anatomically downstream regions
are assumed to have action signals"*®°, Our results suggest, instead,
thatthe same neural code provides an abstract representation of value
andrepresentations of value that are bound to particular spatial posi-
tions. Further, we do not find that the neurons supporting these differ-
ent aspects (abstract as opposed to spatially bound) are divided into
distinct subpopulations (Supplementary Fig. 3). This argues against
the idea that there is an anatomical distinction between value and
action frames®*, Our findings suggest that this mechanism for binding
through semi-orthogonal subspaces is used throughout the cortical
reward system. Together, these results highlight the potential value of

functional specialization through population representations, rather
than through modular architecture™".
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Methods

Surgical procedures

All procedures were approved by either the University Committee on
Animal Resources at the University of Rochester or the Institutional
Animal Care and Use Committee at the University of Minnesota. Animal
procedures were also designed and conducted in compliance with
the Public Health Service’s Guide for the Care and Use of Animals. All
surgery was performed under anesthesia. Six male rhesus macaques
(Macaca mulatta) aged from 3 to 6 years served as subjects. A small
prosthesis was used to maintain stability. Animals were habituated
to laboratory conditions and then trained to perform oculomotor
tasks for liquid rewards. We placed a Cilux recording chamber (Crist
Instruments) over the area of interest. We verified positioning by mag-
netic resonance imaging with the aid of a Brainsight system (Rogue
Research). Animals received appropriate analgesics and antibiotics
after all procedures. Throughout both behavioral and physiological
recording sessions, we kept the chamber clean with regular antibiotic
washes and sealed them with sterile caps.

Recording sites

We approached our brain regions through standard recording grids
(Crist Instruments) guided by amicromanipulator (NAN Instruments).
All recording sites were selected based on the boundaries given in
the Paxinos atlas®. In all cases, we sampled evenly across the regions.
Neuronal recordings in OFC were collected from subjects P and S;
recordings in vmPFC were collected from subjects B and H; record-
ings in pgACC were collected from subjects B and V; recordings from
PCC were collected from subjects P and S; and recordings in VS were
collected from subjects Band C.

Data for vmPFC and VS were collected with single-tip microwire
microelectrodes (FHC). Data from the other regions were collected
with multicontact (n =16 or 32) u-Probe microelectrodes (Plexon).

We defined OFC 11/13 as lying within the coronal planes situated
between 28.65 mm and 42.15 mm rostral to the interaural plane, the
horizontal planes situated between3 mmand 9.5 mm from the brain’s
ventral surface, and the sagittal planes between 3 mmand 14 mm from
the medial wall. The coordinates correspond tobothareas11and13in
Paxinos et al.®”. We used the same criteria in a different dataset’. We
recorded from OFC using one Plexon u-Probe multicontact micro-
electrode (16 channels) a total of seven times, yielding a median of 32
neurons per session (range: 9-59) for a total of 242 neurons.

We defined vmPFC 14 as lying within the coronal planes situated
between29 mmand 44 mmrostraltotheinteraural plane, the horizontal
planessituated between O mmand 9 mm from the brain’s ventral sur-
face, and the sagittal planes between 0 mm and 8 mm from the medial
wall. These coordinates correspond to area 14 m in Paxinos et al.*’.
This dataset was used in Strait et al.*>*”. We recorded from vmPFC 138
times, yielding amedian of 1neuron per session (range:1-3) for atotal
of156 neurons.

We defined pgACC 32 as lying within the coronal planes situated
between 30.90 mm and 40.10 mm rostral to the interaural plane, the
horizontal planes situated between 7.30 mm and 15.50 mm from the
brain’s dorsal surface, and the sagittal planes between O mm and
4.5 mm from the medial wall. Our recordings were made from central
regions within these zones, which correspond to area 32 in Paxinos
et al.””. Note that the term ‘area 32’ is sometimes used more broadly
thanwe useit here.Inthose studies, it encompasses the dorsal anterior
cingulate cortex, which we did not study here and believe should be
called’area24’”". We recorded from pgACC a total of 115 times, yielding
amedianof1neuron per session (range:1-35) for atotal of 255 neurons.

We defined PCC 29/31 as lying within the coronal planes situated
between 2.88 mm caudal and 15.6 mm rostral to the interaural plane,
the horizontal planes situated between 16.5 mm and 22.5 mm from
thebrain’s dorsal surface, and the sagittal planes between 0 and 6 mm
from the medial wall. The coordinates correspond to area 29/31in

Paxinos et al.®*’%. We recorded from PCC twice, yielding 63 and 89
neurons in each of the two sessions for a total of 152 neurons.

We defined VS as lying within the coronal planes situated between
20.66 mmand 28.02 mmrostral to theinteraural plane, the horizontal
planessituated between 0 mm and 8.01 mm from the ventral surface of
the striatum, and the sagittal planes between 0 mm and 8.69 mm from
the medial wall. Note that our recording sites were targeted toward
the nucleus accumbens core region of the VS. This dataset was used
in Strait et al.””*°, We recorded from VS a total of 49 times, yielding a
median of 2 neurons per session (range: 1-7) for atotal of 124 neurons.

We confirmed the recording location before each recording ses-
sion using our Brainsight system with structural magnetic resonance
images takenbefore the experiment. Neuroimaging was performed at
the Rochester Center for Brain Imaging on a Siemens 3T MAGNETOM
Trio Timusing 0.5-mm voxels or in the Center for Magnetic Resonance
Research at University of Minnesota. We confirmed recording loca-
tions by listening for characteristic sounds of white and gray matter
during recording, whichin all cases matched the lociindicated by the
Brainsight system.

Electrophysiological techniques and processing

Either single (FHC) or multicontact (32-channel V-Probe, Plexon)
electrodes were lowered using a microdrive (NAN Instruments) until
waveforms could be isolated. Up to four electrodes (V-probe and/or
FHC) were inserted simultaneously during a single session. Individual
action potentials were isolated on a Plexon system (Plexon) or Ripple
Neuro. Neurons were selected for study solely on the basis of the qual-
ity of isolation; we never preselected based on task-related response
properties. All collected neurons for which we managed to obtain at
least 300 trials were analyzed; no neurons that surpassed our isolation
criteria were excluded from analysis.

Eye-tracking and reward delivery

Eye position was sampled at 1,000 Hz by an infrared eye-monitoring
camera system (SR Research). Stimuli were controlled by acomputer
running MATLAB 2012 (MathWorks) with Psychtoolbox 3.0 and Eyelink
Toolbox. Visual stimuli were colored rectangles on acomputer moni-
tor placed 57 cm from the animal and centered oniits eyes. A standard
solenoid valve controlled the duration of juice delivery. Solenoid cali-
bration was performed daily.

Risky-choice task
Thetask made use of vertical rectangles indicating reward amount and
probability. We have shown in a variety of contexts that this method
providesreliable communication of abstract concepts such asreward,
probability, delay and rule to monkeys”>”. The task presented two
offers on each trial. A rectangle 300 pixels tall and 80 pixels wide rep-
resented each offer (11.35° of visual angle tall and 4.08° of visual angle
wide). Two parameters defined gamble offers—stakes and probability.
Eachgamble rectangle was divided into two portions, onered and the
other gray, blue or green. The size of the color portions signified the
probability of winning a small (125 pl, gray), medium (165 pl, blue) or
large reward (240 pl, green), respectively. We used a uniform distribu-
tionbetween 0% and 100% for probabilities. The size of the red portion
indicated the probability of no reward. Offer types were selected at
randomwith a43.75% probability of blue (medium magnitude) gamble,
a43.75% probability of green (high magnitude) gambles, and a 12.5%
probability of gray options (safe offers). All safe offers were excluded
from the analyses described here, although we confirmed that the
resultsarethe sameifthesetrials areincluded. Previoustraining history
for these subjects included several saccade-based laboratory tasks,
including a foraging task”, two stochastic choice tasks’®”’, a foraging
task’ and a card sorting task’®.

Oneachtrial, one offerappeared onthe left side of the screen and
the other appeared on the right. We randomized the sides of the first
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and second offer. Both offers appeared for 400 ms and were followed
by a600-msblank period. After the offers were presented separately, a
central fixation spot appeared, and the monkey fixated on it for 100 ms.
Next, both offers appeared simultaneously and the animalindicated its
choice by shifting gaze toits preferred offer and maintaining fixation
on it for 200 ms. Failure to maintain gaze for 200 ms did not lead to
the end of the trial but instead returned the monkey to a choice state;
thus, monkeys were free to change their mind if they did so within
200 ms (althoughinour observations, they seldom did so). Following
asuccessful 200-ms fixation, the gamble was resolved and the reward
was delivered. We defined trials that took >7 s asinattentive trials and
we did not include them in the analyses (this removed ~1% of trials).
Outcomes that yielded rewards were accompanied by a visual cue: a
white circle in the center of the chosen offer. All trials were followed
by an 800-msintertrial interval with ablank screen.

Behavioral control for neural dataindicates decisions from
online valuation comparison

The aim in this task design is to examine the process of valuation and
decision-making in a sequential setting. In our design, the subjects
are presented with the offers again to allow them the chance to reify
their choice. We have trained monkeys to perform a version of the
task that is identical except that the simultaneous presentation does
not occur, and the animal must choose an offer side from memory.
In behavioral data from this modified task (seven sessions for four
subjects, previously reported in ref. 31), we found that the monkeys
chosethe higher-value offer with a similar probability (main task, 82%;
modified task, 80%). While this observation does not guarantee that
the monkeys use the sequential presentations in the task here to plan
achoice, it provides evidence that the decision processis similar when
the animalis only shown asequential presentation. Further, due to the
animal’s ability to freely saccade during the sequential presentation,
we know that they attend to both stimuli (reported on in detail in ref.
79), consistent with finding representations of both value and position
during this presentation window.

Behavioral analysis, model estimation and subjective value
The decision variables underlying subject choice could arise from
several possible estimates over probability, stakes and the estimated
value. Our previous analysis and modeling of the present behavioral
data indicate that the monkeys in this task make choices in line with
a subjective valuation estimate of offers that reflects subjective atti-
tudes toward the offer size (stakes) that indicate risk-seeking, and a
warped probability estimation fit well by a Prelec warping function.
Weremodeled the decisions here to derive subjective value estimates
for using in estimation of neural encoding subspaces (see below) and
establishing the connection of these subspaces to monkey choices.
Here, we considered models where the monkey’s subjective value for
an offer follows the probability times the stakes.

The model space we considered included four models. The models
included those where the stakes were either assumed to be observed
objectively or weighted as a power law, and the probability was either
observed objectively or transformed with a Prelec function. For all
models, choice probabilities were assumed to be generated by a soft-
max decision function over therelative subjective value. For example,
during modelfitting of amodel with subjective utility (weighted stakes)
and weighted probability, three model terms were fit—the terms for
utility and probability, and the softmax temperature term. Allmodels
were fitted using the variational Bayesian toolbox, and model com-
parisons were performed using Bayesian model selection over the
model free energies®.

Full set of trial conditions for binary value
The full simultaneous representation of the past and current offer
can be described by eight distinct conditions, when we binarize offer

value asbefore (Methods). The values of the first and second offers are
chosen independently—so, there are four possible combinations of
the two offer values: both low, both high, and two combinations where
oneis highandtheotherislow (thatis, the left offeris high or theright
offerishigh). Thenthere are two possible orders: either the first offeris
presented on the left (whichmeans the second offer is presented onthe
right) or the first offer is presented on the right (and the second offer
is presented on the left). This gives us eight conditions.

Neural processing, data selection and statistical analysis

We calculated firing rates in 20-ms bins, but we analyzed themin longer
(400-ms and 500-ms) epochs. For estimating regression coefficients
(see below), firing rates were all z-scored for each neuron. Inthe regres-
sion, decoding and distance analyses, we only included risky trials,
although we provide a figure showing that our main results are repli-
cated when these trials are included (Extended Data Fig. 9). We made
the decision to exclude them in the main text in part due to recent
work showing that ‘safe’ optionsin this kind of task are represented in
a distinct way from risky trials®. There is one exception to this, how-
ever:weincluded safe trials when estimating the distances between all
eight experimental conditions (Fig. 6). In that regime, we found it was
necessary toinclude the safe trials to have enough trials per condition
to estimate the distances.

Single-neuron linear regression model. Individual neuron selectiv-
ity was estimated using alinear regression model. Model coefficients
were estimated using the z-scored, time-averaged firing rate in four
different task windows. The windows were 400-ms blocks, with
two separate blocks in the offer 1window and two more blocks in the
offer 2 window. The first blocks in a window were from O ms (offer
on) to 400 ms after (offer off), and the second window was from
450 msto 850 ms after the offer was presented. We refer to the latter
window as the delay window. The estimated model had coefficients
for subjective value, offer spatial position and their interaction,
which canbe used to estimate the nonlinear encoding terms. Model
terms for offer side were effects coded [-11]; expected value was
estimated with linear and b-spline terms (see Extended Data Fig. 2
for more details on the splines), with the value term being min-max
normalized to standardize across units and monkeys. Therefore,
the design matrix in total had five variables to estimate plus the
intercept. The model formula for a neuron (n) firing rate (FR) was
estimated using all trials:

FR(n, trials) = B, + B;Value + B,Space + S (Interaction) + N(0, 0%)

Computing population encoding subspaces for space and value
(Fig. 2). To measure separability between spatially distinct value sub-
spaces, we used the computed regression coefficients for calculating
the population encoding subspaces. Our goal was to compare the
value subspaces for left and right offers both within offer epochs (for
example, offer 1) and across offer epochs. Because the coefficients
(B) were derived from alinear model, we combined the coefficients to
create a value vector for each distinct side and epoch.

Computation of each subspace involves setting the levels of Xin
the BX of the regression equation, given a set of fit s per neuron (see
‘Single-neuronlinear regression model” above). Essentially, this process
gives the model predicted firing rate spanning from the lowest range
normalized value offer that includes the intercept offset (0) to the
highest (1). The process of creating the value subspace vector for the
left side, for example, proceeded as follows: first, we must subtract
two vectors, withthebase vector centered on the different sides being
compared (for example, left and right), as they themselves have differ-
entintercepts. Given the linear model form for the design matrix, and
assuming left =1and right = -1, the intercept vector for value = 0 and
left offer subspace, the vector is:
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Value hlgh vector : [l]ﬁo + [1] ﬁVaIue + [l]ﬂSpace + [l]ﬁlnteraction

Value/Sidelntercept vector :  [1] B¢ + [0] Bvaue + [l]ﬁSpace + [0] Binteraction

Intotal, there were six distinct task-functional comparisons, including
comparisons of (1) left and right within offers1and 2, (2) left and right
between offers 1and 2, and (3) between the same-side across offers
(thatis, left and left for offer 1and 2, right and right for offer 1and 2).

The testing of separability (or orthogonality) between subspaces
requires establishing a null hypothesis of 1. This is because separable
subspaces will be less correlated than a perfect correlation under
the influence of noise. Specifically, because our main hypothesis was
essentially a close to zero correlation between subspaces (that is,
Irl = 0), we needed to estimate how a perfect correlationin the dataset,
but confounded by noise, would be distributed (|| = 1). Therefore, we
consider a subspace as separable or (semi-)orthogonal if the correla-
tion between neuron weights is outside the confidence bound of this
hypothetical perfect correlation distribution.

We addressed this problem by applying an already established
approach®. Inbrief, we fit the linear models described above on1,000
bootstrap resampled sets of trials. For each set, we computed the
subspace correlation between left-value and right-value representa-
tions. Then, to construct the noise ceiling estimate, we computed the
subspace correlation between the left-value subspaces for the first
and last 500 resamples (yielding 500 subspace correlation estimates)
aswell asthe correlation between the right-value subspaces from the
firstand last 500 resamples (yielding another 500 estimates). We then
compared the 1,000 subspace correlation estimates between the
left-value and right-value subspaces with the 1,000 total estimates from
the noise ceiling distribution using the bootstrap test. We also repeated
this analysis pipeline on data where the actual value and side of each
trial was shuffled relative to the neural activity. On each bootstrap itera-
tion, we chose adifferent shuffle for a total of 1,000 shuffles. Then, we
computed the subspace correlation as described above.

Finally, we repeated this same procedure for the b-spline value
representation models, using the alignment index®"*? instead of the
subspace correlation. These results are shown in Extended Data Fig. 2.

While we also performed amodel comparison analysis, which gives
insight into how many single neurons are best fit by both this model
with anonlinear interaction and a model without such aninteraction,
we compute all subspace correlations using this full nonlinear model.
There are two reasons for this: First, the model with an interaction
encapsulates the model without aninteraction (thatis, theinteraction
coefficient has zero strength) and our bootstrap procedure already
provides a distribution of estimates of the value of the interaction
coefficient. Along with our comparison to the estimate of the noise
ceiling, this provides a reasonable estimate of the subspace correla-
tion. Second, thefitting procedure used to estimate the ‘weight’ of each
model type below does not have an established method for estimating
the uncertainty of the weights. However, we still explore whether using
the best fitting model would drastically change our results in Extended
DataFig.3b. Thisanalysis shows a qualitatively similar pattern of results,
although thereis a striking change to the noise floor for all regions.

Finally, in the following work, we obtain an even more stringent
estimate of subspace correlation through our cross-validated distance
estimation procedure (see ‘Linear-nonlinear data decomposition’).
This qualitatively replicates our findings, although the difference
between VS and the noise ceiling does not reach significance under
this more stringent analysis.

Comparison between models with parallel and nonparallel
subspaces (Fig. 2). To understand the single-neuron basis of our
semi-orthogonal subspaces, we performed a model comparison
analysis for three classes of models: First, a regression model that fit

only a noise term, and therefore explained the data only as random
fluctuations. Second, models that had both side and value terms, but
with nointeractionbetween them. Atthe population level, this model
would produce parallel subspaces. We fit these models with both linear
and nonlinear representations of value (Extended Data Fig. 2). Third,
models that have both side and value terms as well as an interaction
term between them. If the interaction term is significant, then, at the
population level, this model produces nonparallel subspaces.

For each model, we obtained a posterior predictive distribution,
which is a distribution of samples from the model combined across
all trials. We used this posterior predictive distribution to check the
fit of our model, and we found that our models provide good fit to the
value-response curves of the actual neurons (Fig. 2b and Extended Data
Fig.2B). Then, we performed a Bayesian model stacking analysis, which
assigns aweight to each model®. Inthe stacking analysis, the posterior
predictive distributions of all the models are combined to produce a
combined model (thatis, aweighted sum of posterior predictive sam-
ples) that maximizes the leave-one-out cross-validation performance.
We obtained similar results for more traditional measures of model
goodness of fit, such as the widely applicable information criterion®.
However, we believe the stacking analysis provides useful intuition: It
givesinsight bothinto which model provides the best fit, as well as into
which combination of models provides the best fit.

Single-neuron basis of subspaces: bimodality. To test whether the
subspaces are primarily formed from gain modulating neurons, we
note that the distribution of firing rate differences (across space) to
value tuning should deviate from unimodal. We tested this by asking
whether the distribution of differences in value tuning vectors for left
and right offers was bimodal, using Hartigan’s dip test of bimodality.
Specifically, we formed distributions of tuning differences using the
left-and right-value subspace coefficients for each neuron computed
above. The distributional responses were computed for each offer
(1and 2) and time window (offer on and delay) as a sensitivity index:

FR()jer, — H(FR(1) o)
O(FR(1);g,)
_ FR(Wyigne — HFR(M);igp,)
O(FR(M)ygc)

Value — space FR sensitivity =

In the above, for example, FR(n),, is the value-left subspace vector
coefficient for neuronn.

Single-neuron basis of subspaces: subspace contribution of gain
modaulation versus complex nonlinear. The bimodality test described
above provides a global measure of whether the populations of neu-
rons composing the subspaces are generally specialized to certain
spatial locations. To further demarcate the contribution of gain versus
complex nonlinear encodings to the subspaces, we used the property
that gain modulated neurons will have the same preferred response
to value, but with different amplitudes for different spatial positions,
while complex nonlinear neurons will have a shifting preference to
value. The main result we aimed for was determining the prevalence of
nonlinear complex versus gain modulating neurons, and determining
their percentage contribution of each type in forming the subspaces.
Todo this, we first determined which neuronsin aregion contributed
to both left- and right-value subspaces for each epoch and time win-
dow. Subspace contribution was determined by finding each neuron’s
percentage variance in each subspace:

FR(MZpace)?

Subspace contribution (%) = M
space

2 (FR(1)space)

The above neuron participation ratio is inherently related to the

dimensionality of that subspace; effectively, each neuron’s percentage
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variance contributed can be viewed as an approximation to the eigen-
values of the subspace®*¢ that retained the top 95% of neurons, which
was anaverage of 48 neuronsin each subspace, across allbrain regions.
Wethen compared whether eachneuron’s preferred value was the same
inleftand right subspaces, within each of the analysis windows used for
theregressions. Specifically, we performed abootstrap hypothesis test
of mean differences. The mean firing rates for testing were resampled
1,000 times for each neuron, and the mean rate was computed over
seven equally distributed levels of value, separately for left and right
offers. The peak rate for each resample was collected in a vector and
subsequently randomized 1,000 times (with resampling) to create a
null distribution of mean differences in firing preference. The P value
was computed by counting the number of times the randomly permuted
mean difference was larger than the empirically estimated difference.

Binding by subspace orthogonalization

Tomotivate the problem we are studying here, we begin by considering
aneural code that does not bind the distinct features of asingle stimu-
lus together. For example, a factorized representation of different
stimulus features—even if the code for each individual feature is non-
linear—will fail to distinguish between different possible stimulus set
bindings. In our setting, the neural population responds to both offer
position and offer value. On a single trial the animal is shown a set of
two stimuli, X, which each have a position and value. So, this set canbe
writtenas X = {{ p, v1], [ p», v»]}, where p;, is the position of offer 1and v,
isits value. Then, if the average response of a neural population 7 is
givenby afunction r(X) = fo(x), we can write

f =f([p,u1]) +f([ P2, 02])

Now, if the functionfcanbe factorized into a sum of functions, f,,,, for
offer position andf,, for offer value, then we can rewrite the response as

3 =fval (UI) +fpos (pl) +fva| (UZ) +fpos (pz)

This response contains all the original information about the features
ofthe two offers—but it does not preserve their binding. In particular,
while a maximum likelihood decoder would have a maximum at the
correct stimulus set X, it would also have an equivalent maximum at
the chimericstimulusset S = {[p;,v,],[p2, v1]}. Thisisbecause the aver-
age population response to the two stimulus sets is exactly the same,

A=rX)—r(S)
=fva| v +fpos (p1) +fval (v2) +fpos (p2)

_fval (UZ) _fpos (pl) _fval (Ul) _fpos (Pz)
=0

Thus, in the case of a high-value offer on the left and a low-value offer
on the right, an alternative and equally likely interpretation of the
neural representation would be that there was alow-value offer on the
leftand ahigh-value offer onthe right, whichwould lead to a suboptimal
choice by the animal. Even further, for a linear representation of
value and position (that is, f,, only multiplies v by a scalar), there
would be many more equally likely chimeric stimulus sets, including a
set with only the single stimulus [p; + p,,v; + v;]and any set of stimuli
with values and positions that have the same sum as the presented
stimulus set. These additional ambiguities can be resolved through
nonlinear (but still separate) representations of position and value as
wellasthroughthe inclusion of side information about the number of
stimuliin the set in the decoder. Such side information could be pro-
vided by brain regions shown to represent the number of stimuliin a
scene, such aslateral prefrontal cortex and posterior parietal cortex®.
Here, we focus on binding errors and decoding with side information
about the number of stimuli.

In practice, humans and other animals may make these kinds of
bindingerrors, but they are thought to beinfrequent®. So,in many cases,
this ambiguity must be successfully resolved. To understand how
this happens, we consider the case when f cannot be fully factorized
andinstead canbewrittenas f([p,v]) = fpos (P) +fval (V) + fpos—val ([ P> V]),
where f,.._.,i is a non-factorizable function of both side and value.
We refer to this term as the conjunctive part of the response. Then, the
difference in response for the correct and chimeric stimulus sets A
from before can be written as,

A=rX)-r(S
:fpos—val ([Uhpl]) +fpos—va| ([VvaZ]) _fpos—val ([”'val]) _fpos—val ([Ul)pz])

Thus, solong as the squared sum of A across the neural populationis
larger than zero—and, in a noisy system, larger than the noise—then
adecoder will be able to resolve the ambiguity between the correct
and chimeric stimulus set and avoid misbinding errors. We derive an
expression for this misbinding rate in a simplified case below. One of
our key theoretical results is that the inclusion of this conjunctive
part of the representation can simultaneously resolve the coding
ambiguity without destroying the benefits of a factorized
representation.

At the level of single neurons, the conjunctive part of the repre-
sentation f,.,_,, manifests as neurons with nonlinear mixed selectivity
for offer value and position. At the population level, the conjunctive
part of the representation manifests as orthogonalization of the
subspaces encoding the value of left and right offers.

Linear-nonlinear code framework (Figs.3 and 4)

To apply our mathematical framework to the experimental data,
we considered a discretized offer value along with offer position—
valueis discretized as for our decoding analysis (see below). Inthese
data, we found that decoding the binarized value yielded much
better performance than decoding the continuous value with various
methods. The analytic approach we take below is also simplified
for discrete value. However, the subspace binding hypothesis does
notdependonthisdiscreteness, as discussed above. Once we discre-
tize value, we have K =2 latent variables that each take on n =2
different values. However, the theory we develop applies to any choice
of K and n, and so can be applied well beyond this experimental
setting.

We model the neural responses of N neurons as,

r(x)=Lx, + Mfy(x)+e€

where r(x) is an N x 1 vector of the z-scored activity of N neurons, L is
an N x K linear transformation of the z-scored stimulus vector x, and
has columns L = [d\yL; diaL,], M is an N x n* linear transformation of
fv ), which is a nonlinear transformation of the stimulus vector x
(defined in detail below). Finally, e~ (0, 6?). We z-scored the stimulus
vector x, so that the linear distance in the representation produced
after thelinear transformis controlled fully by the linear transform L,
and does not depend on the specific choice of coding for x.

Inthe experiment, there were two features that each took on two
values. So, x is a vector with two elements that are each either 1 or 2.
The first element corresponds to low value (1) or high value (2); the
second element corresponds to the two values of offer position.
The possible x are:

xy =[11]
xi =[12]"
xa =[21]"
xn =[22]
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The nonlinear function we consider is the conjunctive identity function
usedinrefs. 20,24, where

Fv)y =[x =il[x =]

and
Fv 00 = [ Ay fun A fun]

For the linear transform L, which has K = 2 columns, the length of
the first column is d,y, which will be the average distance between
two stimulus representations that differ only in their value (where
M =0). We will refer to the length of the second column as d, ,, the
average distance between two stimuli that differ only in offer position
(alsowhere M = 0). All the columns of M will have the same length m,
whichwillmeanthat the distance between the nonlinear components
of two stimulus representations will be dy = v2m. We assume that
the length of the nonlinear perturbation for each stimulus is the
same; while this is unlikely to be precisely true, it simplifies our
analysis and still gives good results when comparing to the experi-
mental data. We also assume that the columns of both L and M are
orthogonal, both within each matrix and between the two matrices
(although the analytic results are similar without the between matrix
orthogonality). For large N, this will tend to be true for random
vectors.

Finally, a code in this framework is described by a stimulus set
(k and n) and four parameters: d,y (representing offer value), d, ,
(representing offer position), dy (representing the nonlinear part of
the code) and o (representing the standard deviation of the noise).
In our analytic theory, we show that the binding error rate depends
on dy and o. That is, low binding error rates can be achieved so long
as dy is sufficiently large, regardless of the strength of the linear
part of the code (d,y or d;,). We also show that the generalization
error rate depends only on d,y, dy and o —thatis, it does not depend
ond, ,. Thus, we will focus on estimating dy, dy and o from the experi-
mental data.

Linear-nonlinear code with constrained power. To compare different
coding strategies with each other, we will fix the totalamount of spiking
‘power’ available to the code, while varying the trade-off between
the allocation of the power to the linear or nonlinear part of the code.
We also use this constrained power to compare the representational
geometry observed in different brain regions (Fig. 4). This spiking
power is the summed variance across all unitsin the code, whichis often
used as a proxy for the metabolic energy consumption of the code™.
We keep the total power P constant and vary the linear power P_and
nonlinear power Py,. In particular, P = P, + Py, . To understand how
changes to the relative linear and nonlinear power of the code shape
the representational geometry, we begin by deriving how linear and
nonlinear power translate to the linear and nonlinear distances in
representational space introduced above.

Linear distance. We derive the distance between adjacent stimuli
in the linear code for a particular number of features K and number
of values n that each feature takes on as well as the linear power of

thecode(P),
[ 1A
d = K@n2-1)

We approach this by computing the variance (that is, the linear
power P) of auniformly sampled K-dimensional lattice with n points
spaced atdistance d, along each dimension. Then, weinvert the expres-
sion for the variance to find an expression for the distance between
the points. First, we write the variance P, as

wp = [(,-_ oY (- e+ ]]

j=0
_z‘:E E(i—"_1)2d2+('—"_1)2d2+ +<k_n—1)2dz
R AR A S A S U i A B EWAD
n-1 n-1 n—IZ
=Kn"'d2 3 2 —(n-1) 3 i+n =
L L

and we can rewrite this with known expressions for the sum of integers
and sum of squared integers up to a particular value,

WP,  Knk1d? [(n—l)n(Zn—l) _an-1’ n(n—l)z]

6 2 4

2
:Knkdf[("_l)éz"_l) _ (n;l) ]

=Kn’(df[2"2 —63n+1 3 nz—in+l]
= Knkd? [4n2 —lgn +2  3n? —lgn + 3]
kP, = KnKd? ”21; L
P =Kd? "21; 1

Now, we rewriteintermsof d,,

12P,

do=]—t
t K@nz—1)

whichis the expression given above.

Following fromthe lattice structure, stimuli at adiagonal pointon
the lattice have distance v/2d,.

Linear neighbors derivation. Second, we find the average number of
neighbors that a particular stimulus has at both this nearest distance
N and the nearest diagonal distance N,p. In the experiments here,
where there are K = 2 features that each take onn = 2 values, thenumber
of nearest neighbors in the linear code is two for every point, and the
number of neighbors at the nearest diagonal distance is one. This
encompasses all the stimuli. However, in general, this is a counting
problem. We observe that, in the lattice, there are two edge values
for each feature and n — 2 non-edge values. Thus,

1 K K K—c
Nip = F;(Zk—c)<c>(n—2) 2¢

and

1 X/ (K-c C\\ (K Py
NLD=F§)<4< 5 )+2(K—c)c+<2>)(6>(n—2) 2

Nonlinear distance. The nonlinear distance is
dN =4 2PN
and has been treated in more detail previously*.

Nonlinear neighbors derivation. Because each nonlinear repre-
sentation is along a vector that is orthogonal to all other nonlinear
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representations, from a particular stimulus all other representations
are at minimum distance. So,

Ny =nk -1

Total code distance. The total code distance for orthogonal linear
and nonlinear code parts is

de =+Jd2 + a2

Ifthe linear and nonlinear code parts are not constrained to be ortho-
gonal, then the total code distance is a random variable with the

following form,
dc =+/d}+d} +2dydn

where n ~ N (0,1/N) due to the fact that the dot product of two
unit vectors is normally distributed with variance inverse to their
length (thatis, the distribution of ). The distance is similarly defined
for the next-nearest stimuli,

dC+1 = \/Zsz + d]%”_ + \/ngLdLr[

Total code neighbors. To combine the code neighbors, it is enough
to simply take the minimum between the linear and nonlinear parts
(assuming that thelinear and nonlinear parts are both nonzero), which
will always be equal to Ny, (or N, for next-nearest). So,

NC = NLA
NC+1 = NLD

Relating linear and nonlinear distance to subspace correlation.
The linear-nonlinear code framework developed here provides a
different way to define the subspace correlation measured used in the
rest of the paper. We compute subspace correlation directly from
thelinear (d,y) and nonlinear distances (dy). In particular, we can take
the cosine similarity between v,and v,, as defined in the main text,

ViV,
" Wikl
_ (Ly+ My =My) - (Ly + M5 — M,y)
di +d?
@
di +d?

where pis the subspace correlation (see Fig. 3a for a schematic).

The overall error rate of a linear-nonlinear code. Using the expres-
sions developed in the previous sections, we can write an approxima-
tion for thelikelihood that alinear-nonlinear code makes an error, for
agivenstimulusset, defined by K and n, and given linear and nonlinear
powers P, and Py, .

Here, we define an error as the most likely stimulus (set) under a
maximum likelihood decoder x not being the original stimulus (set)
x. We take the a nearest-neighbor union bound approach?%° and
develop the following expression for the error rate,

d d
P(error) =~ NcQ <_ZCI> + N Q (— 2C:>

Where Q(.) is the standard Gaussian cumulative distribution function.
Thus, we can see that the error rate depends most strongly on the
distances. Fromour distance definitions, we know that, if K > 2or n > 2,
increasing nonlinear power is the most efficient way to increase

distance. As a consequence, to drive the error rate down, it is best to
putall code power toward the nonlinear part.
For multiple stimuli, the code error rate can be written as,

P(error) ~ SN-Q (— g—g) +SNcaQ (— dzc; ) + P(binding error)

where S is the number of stimuli. We will develop an approximation
for P(binding error) next.

Derivation of the binding error rate. We begin by considering apurely
linear code for multiple stimuli X, where
nX)= > Lx,+e€

XeX

where X, isthez-scored featuresof xand Lisan N x K linear transform—
asabove. Witha purely linear code and stimuli that are defined by two
features K = 2that each take ontwo values n = 2, there are two stimulus
pairs that give rise to exactly the same average response. Those pairs
are

X = {Xq1, X22}

S = {X12, X1}

whichistosay,

LX) =1 (S)

Due to this property, even a decoder that is optimal for our current
setting (the maximum likelihood decoder), will not be able to discrimi-
nate between these two options. If X is presented, then we refer totrials
in which S is decoded from the activity by a maximum likelihood
decoder as amisbindingerror. For this purely linear code, roughly half
the time Xis presented, Swillbe decoded. How can we modify the code
to make fewer misbinding errors? Here, we show that reintroducing
the nonlinear part of the code can effectively drive down the probability
of binding errors, precisely by increasing the distance between the
representations of these two stimulus sets.

Now, we include the nonlinear term in the code, as discussed
above. So, we want to show how increasing the nonlinear distance dy
decreases the probability of misbinding errors. First, we derive the
distance between the average representation of X and Sinthefull code
(thatis, with nonzero nonlinear distance), where,

r(X)= 3 ILx;+ Mfy(X)+¢€
XeX

So, for X and S defined above,

ds = |F(X)=F(S)l,

ZXLXz + Mfy (%) - ZSLSZ —Mfy(s)

2

% Mfy (0 - ESMfN ®

xeX

=My + My — M — M|,

=2dy

2

We notice that this does not depend on the particular stimulus sets X
and S anymore. Indeed, due to our assumption that the nonlinear
distances are constant across stimuli, this is the distance betweenany
two sets of stimuli that are linearly confusable. As anticipated by the
above example, the distance d,does not depend on the linear distance
d,, only on the nonlinear distance d,. This is because the linear part
of the code is ambiguous with respect to binding (as explained in
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‘Binding by subspace orthogonalization’ above), so making it larger
will not help resolve confusion about which set of stimuli was seen.

Now, knowing the distance betweenthe correct stimulus set X and
amisbound stimulus set S, dg, we can use the following expression for
therate of binding errors viaa unionbound approximation where Sis
is a stimulus set that is linearly confusable with X, Cy is the set of all
stimulus sets that are linearly confusable with X, and X is the stimulus
setinferred by amaximum likelihood decoder:

P(X € Cylr(X)) = P(SUC X= SIr(X))

<> PX=SIr(x))
SeCy

=Y PF(S),r(X)) <d(FX),rx)))

SeCy

Zal%)

SeCy

where d(., .) takes the Euclidean distance between its two arguments
and Q(.) is the standard Gaussian cumulative distribution function.
Then, we average over X,

P(binding error) ~ NsQ (— ‘2%)

where Nsisthe average size of Cyacrossall X. Inour case, for two stimuli
with two features that each take on two values, Ng = i In general,
we can write the number of chimeric stimulus sets as

Derivation of the generalization error rate. Next, we want to develop
a prediction for the generalization error rate that depends on our
four parameters d,y, dy and o as well as on the s.e.m. ¢. In particular,
we can compare the generalization error rate predicted by our theory
and developed here from the generalization error rate of decoders
trained on the neural data (discussed more below). This provides a
crucial validation test for our theory, and the close correspondence
observed betweenthe theory and the dataindicate that our formaliza-
tion captures the relevant aspects of the geometry of the neural
representations.

Here, we will develop the approximation assuming that the linear
and nonlinear parts of the code are orthogonal to each other. However,
the results are similar if the linear and nonlinear parts are randomly
chosenwithrespect to each other.

Asbefore, we have four stimuli of interest x; for i,j € {1,2}. We can
write therepresentation correspondingto each of themin terms of the
linear and nonlinear code components where M;denotes the columns
of M and L;denotes the columns of L, such that,

r(xgy) =0
r(Xy) = dyly +dyeMy,
r(Xp) =dialsy +dyMys

r(Xy2) = dyly +diaL; + dyeMy

whered, ,isthelinear distance associated with the variable thatis being
generalized across (that is, offer side or time), dy. is the combined
distance from both the nonlinear part of the code and the s.e.m.

dye =,/ d}? + €2,and we have defined
M; - M;
My = /

o2

for convenience. The standard error distance ¢ appears here because
some ofthe perturbations to the underlyinglinear structure arereliable
and form the nonlinear distance, while others are unreliable and
emerge due to the noisy estimation of each centroid. The generalization
performance of the classifier is reduced by both—while, for instance,
the traditional cross-validated performance of the classifier would be
reduced only by thes.e.m.

In this approach, we take the perspective of a linear prototype
decoder (similar to the one analyzed in ref. 45). During training, this
decoder sees only two distinct stimuli (high-value and low-value offers
presented at asingle position) and learns to distinguish them fromeach
other. Inparticular, itlearns aprototype representation for each stimu-
lus (the average across many noisy presentations) and then decides the
category of a new stimulus by evaluating which of the two prototypes
the new stimulus is closer to. In practice, this is done by separating the
two classes with a linear hyperplane that is defined by the vector that
connects the two class prototypes. Since the prototype decoder evalu-
ates new stimulibased only onthis vector, we can then apply this learned
vector to novel stimulus classes and examine the statistics of these novel
representationsin thesingle dimension thatisrelevant to decoding. We
show that the generalization performance predicted by our analysis of
therelatively simple prototype decoder matches the performance of a
more sophisticated support vector machine when applied toreal data.

Inour framework, we can write the vector that defines the decod-
ing hyperplane given two training stimuli x;; and x,;,

1

Vo = ¢ (r(Xa1) — r(Xn))
1

=c (dLLl + dNeMlz)

where c normalizes v, to be a unit vector and has the form

c=1/dL2+d,§€

Because we assume that the noise magnitude is the same for each
stimulus, the decoding boundary is g Todecode anunseen datapoint
y, we would evaluate,

0=sgn[vD-y—§]

where ‘sgn’ takes the sign of its argument. If o = -1, then we would
classify y as, for instance, low value; if o0 = 1, then we would classify y
as highvalue.

So, to evaluate the generalization performance of this decoder
on held-out stimulus conditions, we can apply this same logic to the
left-out stimuli x4, and x,,. In particular, we want to project the repre-
sentations of these held-out stimuli onto the decoder vector vy
derived above and then compare the position of the representations
along that vector to the decoding threshold § So, for x5,

c
dp =Vp - r(Xp) — 5

1
=c (dLle + stMu) X (dLALz + dNeM13) -

N o

“Llgp_c
c2 N 2
1p_ @
2N 2
2 2 2
%_dLv"'dNe
c2 c2

1
2 szv

\/ dLZV + dl\zlc
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and, for x,,,

c
dy =Vp - r(Xz2) — )

c
(divLy + dyeMyp) X (dialy + diyly + dyeMyy) — 3

Al Ol

1 [4
diy + Qdﬁe) -3

1
2 szv
\/ dLZV + dl%/e

Now, using these two distances and the noise magnitude o, we can
predict how well a decoder trained to discriminate x;; from x,;
will generalize to discriminate x;, from x,,. This is the cross-category
generalization performance from ref. 27 and that is discussed in
the main text. In particular, the

P(CCGPerror) ~ éQ(d£> + iQ(_E)

g o

1
=Q _1 }dLZv
O \Jditdy

where Qis the cumulative distribution function of a standard normal
distribution, as before.

Decoding analyses (Figs. 4 and 5)

Binarizing value. We discretize value into high and low by splitting
it according to the subjective value transformation computed for
each session and excluding the middle 15th percentile.

Preprocessing the neural data. Before decoding, we preprocessed the
data by z-scoring and then applying a principal component analysis that
retainsenough dimensionsto capture 99% of the variance. Boththez-score
and principal component analysis transforms are fiton the training set only.

Across-time decoding. Across-time decoding analyses are done on
data splitinto 500-ms moving averages with a step of 20 ms between
bins. Decoding models are fitindependently for each timestep.

Time-pooled decoding. Pooled decoding analyses are done on data
fromthree (Fig. 4) or four (Figs. 5and 6) nonoverlapping 300-ms bins
that begin 100 ms after offer onset. The activity from each neuronin
each time bin are treated as separate features and all used for decod-
inginasingle model. All of the bins from a single trial are in either the
training or the testing set; they are not split across both.

For decoding, we consider value presented in two distinct condi-
tions. We begin by constructing pseudopopulations for high value and
low value in each condition (for example, high value and low value on
theleftand high value and low value on theright). The pseudopopula-
tion consists of all neurons from a particular brain region with at least
160 trials for each of the four conditions for the first set of decoding
and distance estimation analyses (Fig. 4; for example, splitting into
left and right presentations with high or low value, combining across
offer 1and offer 2) and at least 40 trials for the second set of distance
estimation analyses (Fig. 6; for example, splittinginto all eight distinct
experimental conditions). These criteriawere chosen to maximize the
number of both trials and neurons that could be included in the pseu-
dopopulationanalyses (see Extended DataFig.10 for the dependence
ofincluded neurons onrequiredtrials). Our results are stable for other
reasonable choices of this cutoff, but become substantially noisier as
fewer trials are required or neurons are included.

Decoding. Then, we trained asupport vector machine decoder witha
linear kernel to discriminate high value from low value in one condition

(for example, decoding value from only presentation on the left) and
tested that decoder both on held-out trials from that condition (10%
of trials are held out) and on all trials from the other condition (for
example, high value and low value on the right). The performance of
the decoder on the held-out trials from the training condition is the
standard decoding performance, and the performance of the decoder
on the trials from the second condition is the cross-condition gener-
alization performance.

Alldecoding analyses are implemented in scikit-learn®.

In the main text, we compared the generalization performance
of these support vector machine decoders to the generalization per-
formance that is predicted by our analysis of the linear-nonlinear
code model, given above. We believe that the close correspondence
observed between the empirical and predicted generalization perfor-
manceindicates that our linear-nonlinear code formalization captures
relevant aspects of the neural representation geometry.

Estimating distances (Figs. 4 and 6)

Toestimateboth thelinear and nonlinear distances used in our theory
(Fig.4) aswell as the distance between conditions in the full represen-
tation space (Fig. 6), we use a cross-validated distance measure, often
referred to asthe crossnobis distance (although we did notincorporate
an estimate of the noise structure into our use of the measure, so it is
notaversion of the Mahalanobis distance as the name crossnobis sug-
gests), to estimate the unbiased Euclidean distance between every pair
of stimulus conditions”. We used the routines provided by the Python
RSA toolbox®% This yields a representational dissimilarity matrix®.
These matrices are symmetric and have as many rows and columns as
there are distance experimental conditions. In the analyses in Fig. 4,
there are four conditions. Inthe analysisin Fig. 6, there are eight. Each
entry in the matrix gives the estimated distance between the condi-
tions corresponding to the entry’s row and column. We computed
these matrices separately for each region, using data that are organ-
ized and preprocessed in the same way as for the decoding analyses
described above.

Linear-nonlinear data decomposition (Fig. 4)
We want to estimate the three parameters of our code model, d,y
(the linear code distance for value), dy (the nonlinear code distance)
and o (the noise standard deviation), from the data.

In particular, we can frame this as a constrained least-squares
optimization problem. We want to find the solution to

dempirical = Adest

where deppiica IS @ flattened version of the crossnobis distance matrix
estimated above (now a 6 x 1 vector), Ais a 6 x 3 design matrix where
each row gives the integer multiples of the linear and nonlinear dis-
tances between the two corresponding conditions (for instance, condi-
tions that have the same value, but different positions would have
arow vector[012]inthe matrix, while conditions with different values
and different positions would have [112]),and deg, = [dfvdedlﬁ]T. Then,
we find the least-squares solution to the above equation with d,
constrained to be nonnegative. See Extended Data Fig. 4 for this pro-
cedure applied to synthetic data, with a similar number of units and
noise level as in our recordings—it accurately recovers both the
linear and nonlinear distances.

Next, we estimate the magnitude of the noise in the neural repre-
sentations. Here, we choose to estimate it along a single dimension
that is particularly relevant for our analyses. For our generalization
analysis, x;; and x,; are defined as the training set, while x;; and x,,
are defined as the testing set. That is, the decoder will be trained
to discriminate between r(x;;) and r(xy;) and then tested on its
ability to discriminate between r(xy;) and r(x,,;). Due to this, noise
specifically along this learned decoding dimension, v, is most relevant
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to generalization performance, and we will estimate specifically the
magnitude of this noise from our data. In particular,

2
0’ =Ey, |va1\2 - (r(xy) = 7 (xy))

where the expectation is taken across both all trials from a particular
condition and all conditions defined by iand j.

Finally, we also compute the s.e.m. of each of our estimates,
collapsedintoastandarderror distance ¢, which affects generalization
performance as described above.

Normalizing representational power. In Fig. 4f, we normalized the
representational power across regions to make a direct comparison
between them. To do this, we take the estimated linear and nonlinear
distances from the above procedure. Then, we use them to compute the
representational power of the region, which is the sum of the powers
in the linear and nonlinear parts of the code (‘Linear-nonlinear code
with constrained power’). Then, we normalize this power to a fixed
value across all the regions (in Fig. 4f, the fixed power is equal to 10),
before propagating this change backward to the estimated distances—
which amounts to multiplying the linear and nonlinear distances by a
region-dependent factor. As shown in Fig. 4f, this puts all the regions
on the same spectrum, where if two regions have the same balance of
linear and nonlinear distance (that s, subspace correlation), then they
will also have the same predicted binding and generalization error
rates. This was not true before normalization, because two regions
could have the same balance but different total powers (Fig. 4f, inset).

In Fig. 6, we performed a similar normalization technique. How-
ever, because we did not estimate linear and nonlinear distance sepa-
rately in that case, we normalized the representational power directly
by embedding the distance matrix in Euclidean space using multi-
dimensional scaling. Then, we normalized the power (that is, the L2
norm) of this representation, and propagated the change back into
the distance matrix. This preserves the geometry of the representation
while allowing us to independently manipulate the representational
scale. The methods used in Figs. 4 and 6 are equivalent.

Further, we note that these normalizations of distance cannot
change whether or not a particular distance is significantly different
from zero—because the scaling is computed once and then applied
uniformly to all resamples. Thus, itis useful for comparison purposes,
but does not inflate our confidence or reduce our uncertainty about
the underlying distances.

Statistics and reproducibility

No statistical method was used to predetermine sample size, but we
adhered to customs in previous publications****?, Datawere excluded
from specific analyses as described in other sections of the methods;
no data was excluded otherwise. The experiments were fully within
subjects, and trials were presented in arandom order. The investiga-
tors were not blinded to conditions during either the experiments or
the analysis.

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability
The raw data analyzed in this work are fully available on Figshare via
https://doi.org/10.6084/m9.figshare.26065600 (ref. 94).

Code availability

The code underlying this work relies on the Python scientific com-
puting environment, including: python (3.8.2), numpy (1.23.5), scipy
(1.10.1), sklearn (1.3.0), rsatoolbox and matplotlib (3.7.2). The custom

code written to generate the figures and analyze the data is available
athttps://github.com/wj2/subspace_binding. The version of the code
used to generate the figuresis available on Zenodo via https://doi.org/
10.5281/zenodo0.12194146 (ref. 95).
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Extended Data Fig. 2| Example neurons, model comparison, and subspace
correlations for the linear models with a nonlinear value representation.
A.Thefiring rates of example neurons from each region during the offer window,
shown for high and low value offers presented on the left or right side (100 ms
boxcar filter, shaded area is SEM). B. The value-response function for each
neuronin A. The value-response function fit by the linear regression model with
ab-spline value encoding and aninteraction termis overlaid (dashed lines).
Theb-spline representation uses 4 knots and is degree 2. C. A simplex showing
the weight given to each of the noise-only, linear, and interaction regression
models by the Bayesian model stacking analysis. The points corresponding to
the example neurons shown in A and B have dark outlines here. Both the linear
and interaction categories include both linear and spline value representation
models. D. Schematic of three different representational geometries that would

lead to different subspace correlation results. (top) Two perfectly aligned

value vectors v,and v,in population space (left) would produce a subspace
correlation close to1(right). (middle) Two partially aligned value vectors v,

and v,in would produce a subspace correlation between 0 and 1 (note thereis an
additional possibility: partially aligned but negatively correlated subspaces; not
schematized). (bottom) Two unaligned value vectors v,and v, would produce a
subspace correlation close to 0. E. Alignment indices for all regions for the offer
presentation window (top) and the delay period (bottom). The upper gray point
is the alignmentindex expected if the left- and right value representations were
aligned and corrupted only due to noise - the lower gray point is the noise floor.
Inthese models, pgACC, VS, and the combined population are semi-orthogonal,
while PCC, OFC, and vmPFC are indistinguishable from orthogonal.
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representation, while PCC has orthogonal representations and pgACC has
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synthetic datasets with matched statistics. Our decomposition accurately
recovers the linear and nonlinear distances, as the true value is always within
error bars of the estimated value and the estimate is typically unbiased.
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Extended Data Fig. 7 | Value decoding, value generalization, and predicted
value generalization of the code within each recorded region. (Top)
Pseudopopulation value decoding performance (circles), generalization
performance (squares, trained on offers from one side, tested on offers from the
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region and the neural population combined across regions (“all”), shown for

the left and right value comparison. The violin plot shows the values produced
from two hundred bootstrap resamples of the trials. (Bottom) The same as (top)
except shown for the offer 1and offer 2 comparison.

Nature Neuroscience


http://www.nature.com/natureneuroscience

Article

https://doi.org/10.1038/s41593-024-01758-5

projection difference

correct - error

1

OFC PCC pgACC VmMPFC VS
o 0 o, o o
ram ¢ A _ e
¥ Y 8 0 o ° U
e o o * ¢
spatial misbinding
| — | — | — | B | B
2 o 22 s . P
Y ) - A
temporal misbinding e " o o o
| — | — | — | B | B
5 10 15 5 10 15 5 10 15 5 10 15 5 10 15

required pop size

Extended Data Fig. 8 | Dependence of the behavioral decoding result (Fig. 6f)
ontherequired number of neurons in the simultaneously recorded
population. The gray crosses indicate significance under a one-sided T-test. The

required pop size

individual circles show sessions, the error bar shows the average across cross-
validation runs of those sessions. The grey stars indicate significance at the
p<.05level.

Nature Neuroscience


http://www.nature.com/natureneuroscience

Article

https://doi.org/10.1038/s41593-024-01758-5

decoding performance

decoding performance

0.8

0.6

0.8

0.6

0.8

0.6

0.8

0.6

0.8

0.6

time from offer onset

space B time
i 08 4 OFC
T e 0.6 =

e Rz = |

T T T T T T T T T T
-250 0 250 500 750 & —250 0 250 500 750

C
©
1 £ o e PCC
‘=
(9]
N L — 2 0.6 ===

jr— - e

T T T T T 8 T T T T T
-250 0 250 500 750 g -250 0 250 500 750

o
] 0.8 s gACC
4 0.6 -

T T T T T T T T T T
-250 0 250 500 750 -250 0 250 500 750
4 0.8 -

s VMPFC
i 0.6
T T T T T T T T T T
-250 0 250 500 750 8 -250 0 250 500 750
c
© — \/S
€ 0.8
o
o
£ !
Q o
2 0.6 -
2 |
= e
8 T T T T T
3 -250 0 250 500 750
° all
4 0.8 -
z A Y A
4 &é 0.6 27

i ==

T T T T T T T T T T
-250 0 250 500 750 -250 0 250 500 750

time from offer onset

Extended Data Fig. 9 | The main results replicate when safe trials are

included. This figure replicates Fig. 4 from the main text but including the

@

estimated distance
- N

O

0.100

0.025

I'I'I binding error rate

0.3

generalization
error rate

0.2

0.12
0.10
0.08
0.06
0.04
0.02

binding error rate -n

0.00

safe trialsin the dataset. The results are qualitatively similar in both conditions.
A, Shows offer value decoding and generalization across left and right offers.

B, Shows offer value decoding and generalization across offer 1and offer 2.

C, Shows the linear and nonlinear distances estimated for both left and right

space

time

linear
= nonlinear

0.125

0.100

0.075

0.050

0.025

0.000

4 4
9

0.5

0.4

0.3

0.2

0.0 0.2

OFC
PCC
pgACC
vmPFC
VS

all

T T T
0.0 0.2 0.4

subspace correlation (r)

0.12
0.10
0.08
0.06
0.04
0.02
0.00

T T T
0.0 0.2 0.4

subspace correlation (r)

T T T T T
01 02 03 04 05
generalization
error rate

T T T T

01 02 03 04
generalization
error rate

0.5

offers (left) and offer 1and 2 (right). D, Shows the predicted binding error rate
for each regioninboth the spatial (left) and temporal (right) configurations as a
function of subspace correlation. E, The same as (D) but shows the predicted and
empirical generalization error rates. F, Shows the position of each region on the
binding and generalization error rate plane.

Nature Neuroscience


http://www.nature.com/natureneuroscience

Article https://doi.org/10.1038/s41593-024-01758-5

2 -
>0 OFC 150 {=— PCC 250 A pgACC
g g g
S 200 o 1254 O 200 o
5 5 5
100 -
0 150 2 Q 150
Q 9 754 <
o 100 o 2 100
fo £ 50 4 f
S 507 S 25 - S 50
© © ©
0 0 0
T T T T T T T T T
0 200 400 0 200 400 0 200 400
required trials required trials required trials
120 A
o 1507 Y  vmPFC,, VS, all
c C 100 c 800
) 125 o o
@ 100 o %7 @ 600
c C [
i 60
2 7 2 2 400 ~
2 50 A L 407 2
© © © _
> 25 > 20 > 200
© © ©
0 0 0
T T T T T T T T T
0 200 400 0 200 400 0 200 400
required trials required trials required trials

Extended Data Fig.10 | The available neurons for a particular required number of trials. As more trials for each condition are required, fewer neurons are available
forinclusionin the pseudopopulation. The default throughout the paper is 160, shownin grey.

Nature Neuroscience


http://www.nature.com/natureneuroscience

nature portfolio

Corresponding author(s): Johnston, WJ

Last updated by author(s): Apr1, 2024

Reporting Summary

Nature Portfolio wishes to improve the reproducibility of the work that we publish. This form provides structure for consistency and transparency
in reporting. For further information on Nature Portfolio policies, see our Editorial Policies and the Editorial Policy Checklist.

>
QD
Y
(e
=
)
§o;
o)
=
o
=
_
D)
©
o)
=
S
Q@
wv
(e
=
S}
Q
<L

Statistics

For all statistical analyses, confirm that the following items are present in the figure legend, table legend, main text, or Methods section.

Confirmed

>
~
Q

The exact sample size (n) for each experimental group/condition, given as a discrete number and unit of measurement
A statement on whether measurements were taken from distinct samples or whether the same sample was measured repeatedly

The statistical test(s) used AND whether they are one- or two-sided
Only common tests should be described solely by name; describe more complex techniques in the Methods section.

A description of all covariates tested
A description of any assumptions or corrections, such as tests of normality and adjustment for multiple comparisons

A full description of the statistical parameters including central tendency (e.g. means) or other basic estimates (e.g. regression coefficient)
AND variation (e.g. standard deviation) or associated estimates of uncertainty (e.g. confidence intervals)

For null hypothesis testing, the test statistic (e.g. F, t, r) with confidence intervals, effect sizes, degrees of freedom and P value noted
Give P values as exact values whenever suitable.

For Bayesian analysis, information on the choice of priors and Markov chain Monte Carlo settings

For hierarchical and complex designs, identification of the appropriate level for tests and full reporting of outcomes

XXX 0O OO0 0O 00
OO0 X X XK X XK

Estimates of effect sizes (e.g. Cohen's d, Pearson's r), indicating how they were calculated

Our web collection on statistics for biologists contains articles on many of the points above.

Software and code

Policy information about availability of computer code

Data collection  Psychtoolbox 3.0 running in MatLab 2012 was used for experiment delivery
Brainsight was used to confirm recording locations

Data analysis This work relies on open source scientific computing software:
python 3.8.2
numpy 1.23.5
scipy 1.10.1
sklearn 1.3.0
rsatoolbox
matplotlib 3.7.2

as well as custom code built on these packages; the code is available on github: https://github.com/wj2/subspace_binding

For manuscripts utilizing custom algorithms or software that are central to the research but not yet described in published literature, software must be made available to editors and
reviewers. We strongly encourage code deposition in a community repository (e.g. GitHub). See the Nature Portfolio guidelines for submitting code & software for further information.

£zoz |udy




Data

Policy information about availability of data
All manuscripts must include a data availability statement. This statement should provide the following information, where applicable:

- Accession codes, unique identifiers, or web links for publicly available datasets
- A description of any restrictions on data availability

- For clinical datasets or third party data, please ensure that the statement adheres to our policy

The data is available on figshare: https://doi.org/10.6084/m9.figshare.26065600 under a CC BY 4.0 license

Research involving human participants, their data, or biological material

Policy information about studies with human participants or human data. See also policy information about sex, gender (identity/presentation),
and sexual orientation and race, ethnicity and racism.

Reporting on sex and gender N/A

Reporting on race, ethnicity, or N/A
other socially relevant

groupings

Population characteristics N/A
Recruitment N/A
Ethics oversight N/A

Note that full information on the approval of the study protocol must also be provided in the manuscript.

Field-specific reporting

Please select the one below that is the best fit for your research. If you are not sure, read the appropriate sections before making your selection.

|X| Life sciences |:| Behavioural & social sciences |:| Ecological, evolutionary & environmental sciences

For a reference copy of the document with all sections, see nature.com/documents/nr-reporting-summary-flat.pdf

Life sciences study design

All studies must disclose on these points even when the disclosure is negative.

Sample size six Rhesus macaques were used in these experiments; we made recordings from 5 distinct brain regions, with two different animals recorded
per brain region. Recording from two different animals per region allowed us to replicate our results twice for each region, which follows the
conventions of the field (e.g., Yoo & Hayden, 2020; Strait et al., 2014)

Data exclusions  Trials were excluded when the animal did not successfully complete the trial.
Neurons were excluded when there were less than 160 trials per condition in the decoding and distance analyses in Fig 4 and 5.
Neurons were excluded when there were less than 25 trials per condition in the distance analyses in Fig 6.
Recordings sessions were excluded for the error decoding analysis if they did not include 10 or more neurons.

Our results do not depend on the exact value of these exclusion thresholds, and this is illustrated in the supplement in some cases.

Replication All results were robust to rerunning with different random seeds, and random subselections of trials as described in the text.
We also tested several different choices for the exclusion criteria listed above and found qualitatively similar results in the different cases.

For the experiments, our results were replicated in at least two animals for each region. The results across the two monkeys for each region
were qualitatively similar similar and are shown in the supplement, with one exception (as discussed in the main text): the results in vmPFC
appear to primarily be driven by one of the two monkeys.

Randomization  The condition for each trial was randomly chosen, which indicates that our findings should not depend on systematic instability of the
recordings (which would be a concern if, for example, all trials from a certain condition were presented first). There was not randomization at
the level of animals since our design is within subjects. The particular region(s) recorded from for each animal was not systematically
randomized, since these data were collected over the course of several distinct projects and over several years within the lab.

Blinding No blinding was performed, because the study design was within subjects and because it is impractical to blind investigators from the brain
region they are recording from.

>
QD
Y
(e
=
)
§o;
o)
=
o
=
_
D)
©
o)
=
S
Q@
wv
(e
=
S}
Q
<L

£zoz |udy




Reporting for specific materials, systems and methods

We require information from authors about some types of materials, experimental systems and methods used in many studies. Here, indicate whether each material,
system or method listed is relevant to your study. If you are not sure if a list item applies to your research, read the appropriate section before selecting a response.

Materials & experimental systems Methods
Involved in the study n/a | Involved in the study
Antibodies |Z| D ChlIP-seq
Eukaryotic cell lines |Z| D Flow cytometry
Palaeontology and archaeology |Z| D MRI-based neuroimaging

Animals and other organisms

Clinical data

>
QD
5
(e
()
©
O
=
S
S
3
©
e}
=
>
(@]
wm
(e
3
3
Q
=

Dual use research of concern

MNXXOXKXX s
OoOoxXOOOd

Plants

Animals and other research organisms

Policy information about studies involving animals; ARRIVE guidelines recommended for reporting animal research, and Sex and Gender in
Research

Laboratory animals Six Rhesus macaques (Macaca mulatta) were used in these experiments. They were all male and aged 3 - 9.
Wild animals No wild animals were used.
Reporting on sex Our findings only apply to male monkeys.

Field-collected samples  No samples were collected from the field.

Ethics oversight The surgical and experimental procedures were approved by either the University Committee on Animal Resources at the University
of Rochester or the IACUC at the University of Minnesota

Note that full information on the approval of the study protocol must also be provided in the manuscript.

Plants

Seed stocks Report on the source of all seed stocks or other plant material used. If applicable, state the seed stock centre and catalogue number. If
plant specimens were collected from the field, describe the collection location, date and sampling procedures.

Novel plant genotypes Describe the methods by which all novel plant genotypes were produced. This includes those generated by transgenic approaches,
gene editing, chemical/radiation-based mutagenesis and hybridization. For transgenic lines, describe the transformation method, the
number of independent lines analyzed and the generation upon which experiments were performed. For gene-edited lines, describe
the editor used, the endogenous sequence targeted for editing, the targeting guide RNA sequence (if applicable) and how the editor

was applied.
Authentication Describe-any-authentication-procedures for-each seed stock used-or- novel-genotype generated.- Describe-any-experiments-used-to

assess the effect of a mutation and, where applicable, how potential secondary effects (e.g. second site T-DNA insertions, mosiacism,
off-target gene editing) were examined.




	Semi-orthogonal subspaces for value mediate a binding and generalization trade-off

	Results

	Single neurons have nonlinear tuning for value and space

	Offers are represented in partially overlapping subspaces

	Semi-orthogonal subspaces provide binding and generalization

	Value representations provide both binding and generalization

	The remembered offer is orthogonal to the current offer

	The representation of both offers predicts choice behavior


	Discussion

	Online content

	Fig. 1 Task outline, behavioral model and brain areas.
	Fig. 2 Diverse value–response functions produce semi-orthogonal subspaces for value.
	Fig. 3 Subspace correlation mediates a trade-off between the reliability of binding and generalization.
	Fig. 4 The theory predicts misbinding and generalization rates for each region.
	Fig. 5 The representational geometry of the offer sequence.
	Fig. 6 The representation of past and current offers predicts key elements of animal behavior.
	Extended Data Fig. 1 Behavioral consistency across subjects and regions.
	Extended Data Fig. 2 Example neurons, model comparison, and subspace correlations for the linear models with a nonlinear value representation.
	Extended Data Fig. 3 Variations on the subspace correlation analysis.
	Extended Data Fig. 4 Accurate recovery of linear and nonlinear distances from simulated data.
	Extended Data Fig. 5 Distance estimated from subsampled neural populations.
	Extended Data Fig. 6 Estimated distances for individual subjects.
	Extended Data Fig. 7 Value decoding, value generalization, and predicted value generalization of the code within each recorded region.
	Extended Data Fig. 8 Dependence of the behavioral decoding result (Fig.
	Extended Data Fig. 9 The main results replicate when safe trials are included.
	Extended Data Fig. 10 The available neurons for a particular required number of trials.




